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Abstract

The first two entries of the IRF of firm-level prices to firm-level cost shocks accu-
rately approximate the generalized Phillips curve Jacobian in a wide class of pricing
models. This result is exact in Calvo and in the Gertler-Leahy menu cost model, is nu-
merically accurate for a broad set of CalvoPlus parameterizations and in models with
micro real rigidities, shocks of different persistence, leptokurtic shocks, and measure-
ment error. Our approach approximates the hazard rate of the Calvo model closest to
the unknown true menu-cost Jacobian, as defined by Auclert et al. (2024). This virtual
Calvo hazard may be arbitrarily different from the frequency of price changes com-
puted in a dataset of firm-level prices, providing a diagnostic of the extent of selection
effects.
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1. Introduction

A large research program in monetary economics aims to infer the extent of monetary
non-neutrality from unconditional moments of the distribution of price changes. The best-
known example is the frequency of price changes: in the textbook Calvo| (1983]) model it is
a sufficient statistic for monetary non-neutrality. This program extends to the more com-
plex case of state-dependent models: there, the frequency of price change is uninformative
about the degree of non-neutrality (e.g., Caplin and Spulber|[1987)), but—under certain
conditions—the ratio of kurtosis to frequency of price changes is a sufficient statistic (Al-
varez, Le Bihan, and Lippi 2016).

A key challenge in this literature is model misspecification. These unconditional mo-
ments are sufficient statistics when the model is correctly specified, but small changes in
the environment can break them. Both statistics fail in the presence of micro real rigidities,
a key mechanism to reconcile the modest price rigidity in micro data with large monetary
non-neutrality in aggregate data (Ball and Romer|1990)). The frequency is uninformative
in the Rotemberg) (1982) and Gertler and Leahy| (2008) models, even though both share
the Calvo Phillips curve. The kurtosis ratio depends on the distributional assumptions of
Alvarez, Le Bihan, and Lippi (2016)) and |Dotsey and Wolman| (2020) show that relaxing
them changes the answer.

This paper takes a different route. Instead of unconditional moments of the distribution
of price changes, we focus on one conditional moment: the response of a firm’s price to an
observed idiosyncratic shock to its cost, estimated over horizons by a local projection. Our
main result is that two such local projection coefficients, at impact and one period ahead,
form a robust statistic for the generalized Phillips curve, the first-order response of the path
of inflation to the path of real marginal costE| Assembling the generalized Phillips curve
from these two coefficients as if the economy were Calvo recovers the true one exactly
when prices are set as in Calvo| (1983)), as shown in Herrefo, Pinardon-Touati, and Thie
(2026)), but also as in Rotemberg) (1982) and as in |Gertler and Leahy (2008), where no
Calvo lottery exists. In the canonical menu cost model, the assembly is not exact but is
numerically tight and extremely robust across a wide range of menu costs, free-adjustment

probabilities, shock volatilities, real rigidities, and measurement error in prices.

IThroughout this paper, Phillips curve refers to the marginal cost-based Phillips curve. Obtaining the
output-based Phillips curve additionally requires a mapping from the output gap to real marginal costs.



These conditional moments are highly robust across models because they measure the
object the Phillips curve is made of. The response of the price level to an aggregate nom-
inal cost shock is an average of the responses of individual prices to that shock, and we
show that it is also the average of firms’ responses to their own idiosyncratic nominal cost
shock. A local projection of price changes on an observed cost shifter therefore directly
measures the correct object. By contrast, an unconditional moment of the distribution of
price changes is an outcome: the average of what the pricing policy produces from what-
ever shocks the economy contains. Recovering a response from an outcome requires a
model of the policy and of the shocksE| In addition, only two local projection coefficients
suffice because the generalized Phillips curve of menu cost models is close to having the
geometric structure of the Calvo one, as shown by |Auclert et al. (2024)). The two entries
pin down an implied survival rate of price gaps, and the Calvo structure extrapolates it

with a high degree of numerical accuracy.

The approach is simple to implement. It requires a panel of firm-level prices and an
observed idiosyncratic cost shifter; in our analytical derivations, the shifter is a random
walk. We assume the discount factor 5 is known. The first step is to estimate the local
projection of cumulative price changes on the shifter at impact and one period ahead,
which yields two coefficients, by and b1. The second step is to compute ¢ = by /by — 1,
the survival probability of prices in the Calvo economy that would generate these two
coefficients, and the implied Phillips curve slope x™F = by (1 — SR /¢™RF. The third step is
to proceed as if the economy were Calvo: the New Keynesian Phillips curve my = SE;mp41+
k™ mcj, iterated forward for any path of mc}, is the estimate of the generalized Phillips
curve. No step requires knowing the data-generating process, and the computational cost
is negligible.

We start by providing an analytical characterization of our robust statistic across mod-
els. The environment is a continuum of firms facing isoelastic demand curves, producing
with labor in potentially decreasing returns to scale technologies and facing a mixture of
idiosyncratic shocks. Firms minimize the profit loss from mispricing plus the cost of ad-
justing prices, which is zero when they draw a free adjustment opportunity and positive

otherwise. Depending on the adjustment technology and on the distribution of idiosyn-

2For instance, such moments cannot separate strong real rigidity with large cost shocks from weak real
rigidity with small ones, although the two imply different Phillips curves.



cratic shocks, the environment nests the |Calvol| (1983)), Golosov and Lucas| (2007)), (Gertler
and Leahy| (2008), and CalvoPlus (Nakamura and Steinsson|2010) models.

Our first result is an equivalence between the macro response to a macro shock and
the average micro response to a micro shock. Consider the sequence-space Jacobian map-
ping the impulse response of nominal marginal costs to that of the price level, the nominal
pass-through matrix. We show that in each of these models, under conditions on the id-
iosyncratic shocks that we characterize, the average response of firms’ prices to their own
random walk idiosyncratic cost shock—the micro IRF—identifies the response of the ag-
gregate price level to a permanent unanticipated nominal marginal cost shock horizon by
horizon—the row sums of the nominal pass-through matrixE| Our second result is that, al-
though the generalized Phillips curve a priori depends on the entire nominal pass-through
matrix, its first two entries suffice, either exactly or to a numerically tight approximation.

To develop intuition, we show, model by model, what the two coefficients identify.
The generalized Phillips curve depends on two forces: the desired pass-through of costs
into prices, w < 1, pinned down by real rigidities, and the survival of a cost shock in
firms’ price gaps, set by the adjustment technology. The impact coefficient by captures both
forces, while the ratio "8 = by /by — 1 captures the survival rate alone. In the Calvo model,
by = w(1 — ) and ¢! = «, where « is the non-adjustment probability. Because the sur-
vival function is geometric, its one-period value summarizes it, and the two coefficients
fully determine the Phillips curve. Importantly, both by and b; are responses of realized
prices and so reflect selection—which firms adjust after a shock and by how much—when
present. In the state-dependent Gertler and Leahy (2008) model, for instance, a firm re-
considers its price only when hit by a large idiosyncratic shock, with probability 1 — 7,
and a firm that reconsiders and keeps its price had the right price on average, so that its
expected price absorbs the cost shock whether or not it adjusts. The survival function is
geometric, at 7, and the Phillips curve has the Calvo structure with 7 in place of «. In this

case, by and ¢'RF

pick up w(1 — n) and 7, although 7 is not the frequency of price changes,
and our statistic is again exact.
In the canonical menu cost model the survival function is not geometric. By the rep-

resentation of |Auclert et al.| (2024)), the pass-through matrix is a weighted average of the

3The result is related to, but distinct from,[Caballero and Engel|(2007)), who show that the macro response
to a macro shock equals the average micro response to the same macro shock. Ours relates responses to two
different shocks, which is what makes the aggregate response estimable from a firm-level regression.



pass-through matrices of exactly two time-dependent models, one for the extensive mar-
gin, the movements of the adjustment bands, and one for the intensive margin, the move-
ments of the reset price. We show that the micro IRF exactly identifies the weighted average
of the two survival functions horizon by horizon, with weights equal to the shares of the
impact pass-through due to each margin, and that ¢'*" is its one-period value. The Calvo
assembly extrapolates this one-period value geometrically. The replacement is accurate
because, as|Auclert et al| (2024) document, the conditional survival functions of the two
margins deviate from a common constant in opposite directions so that their average is
close to constant.

Whether the approach accurately recovers the generalized Phillips curve of menu cost
models is a quantitative question, which we answer in two steps. First,|/Auclert et al.| (2024
show that the generalized Phillips curve of a menu cost model is well approximated by that
of a Calvo model with a suitably chosen survival probability. We show that whenever this
approximation is accurate, our statistic recovers this survival probability, and therefore the
true Phillips curve, with a proportional accuracy. Second, we show numerically that the
approximation is highly accurate. It reproduces the full dynamic response to marginal cost
shocks in the Golosov and Lucas| (2007) and Nakamura and Steinsson| (2010)) calibrations.
To evaluate accuracy across a large number of parameterizations of the menu cost, the
probability of free adjustment, and the volatility of idiosyncratic shocks, we then focus
on two scalar metrics: the impact entry of the generalized Phillips curve and the Phillips
multiplier of Barnichon and Mesters| (2021]), equal to the ratio of the present discounted
value of the inflation response to that of the output response. Across parameterizations,
the metrics computed from our assembled Phillips curve move one-for-one with the true
ones and explain virtually all of their variance. Our approach does as well as a Calvo model
whose survival probability is chosen to best fit the true Phillips curve Jacobian, but does
not require knowing it.

The accuracy of the approach extends beyond the canonical model. First, it accommo-
dates decreasing returns to scale and strategic complementarities in price setting (which
we model a la Kimball 1995), two forms of micro-level real rigidities, while existing suf-
ticient statistics do not. The intuition is that firm-level pass-through already incorporates
them, so that no adjustment is needed. Hence, our statistic performs as well as in the base-

line model. Second, it does not require the idiosyncratic shocks affecting firms” desired



prices to be normally distributed or to follow a random walk, two assumptions that exist-
ing sufficient statistics maintain. Third, it is unaffected by measurement error in prices.
Compared to approaches relying on unconditional moments of the distribution of price
changes, the main cost of our approach is that it requires a plausibly exogenous firm-level
cost shifter. We do not believe this to be a major impediment in practice since such pass-

through regressions have been estimated in many contextsﬁ

Related literature. This work contributes to three strands of the literature. First, we con-
tribute to the literature that infers monetary non-neutrality from unconditional moments
of the distribution of price changes. This agenda has grown alongside the evidence for
state-dependent models, in which the frequency of price changes is not a sufficient statistic.
In these models, the full size distribution of price changes is informative about monetary
non-neutrality (Midrigan/2011;|Alvarez and Lippi2014)). In particular, Alvarez, Le Bihan,
and Lippi (2016) show that the ratio of kurtosis to frequency is sufficient for the cumula-
tive response of the price level to a small monetary shockﬂ This result holds around the
zero inflation steady-state and requires quadratic losses, Gaussian random-walk idiosyn-
cratic shocks, and the absence of micro-level real rigidities so that an adjusting firm closes
its price gap entirelyﬁ The subsequent literature has shown that each of these assumptions
is a source of misspecification. With fat-tailed shocks, Karadi and Reiff (2019)) match the
same frequency, size, and kurtosis of price changes with models that have very different
cumulative price responses. With strategic complementarities, Klenow and Willis| (2016))

reproduce the same frequency, dispersion, and persistence of price changes either with

4These analyses have been performed in the United States (Gopinath and Itskhokil 2010; Fajgelbaum
et al|2020; Ganapati, Shapiro, and Walker|2020; |Cavallo et al.2021} |Renkin, Montialoux, and Siegenthaler
2022)), Belgium (Amiti, Itskhoki, and Konings|[2019; (Gagliardone et al.|[2025), France (Lafrogne-Joussier,
Martin, and Méjean|2026)), Sweden ((Carlsson and Nordstrom Skans|[2012]), Finland (Benzarti et al.2020)),
Hungary (Karadi and Reiff|2019; |[Harasztosi and Lindner|2019)), and India (Herrefo, Pinardon-Touati, and
Thie2026]). The cost shifters are exchange-rate movements, tariffs, imported-input prices, energy prices, unit
labor costs, exposure to minimum-wage increases, value-added tax changes, and shift-share combinations
of input prices.

SWith the additional assumption of Golosov and Lucas| (2007) preferences and given a labor supply
elasticity, the response of the price level fully determines the real wage, and hence, labor supply and output.

8Alvarez, Lippi, and Oskolkov]| (2022) show that the result extends to any symmetric adjustment haz-
ard but that the same four assumptions remain necessary.|Alvarez, Lippi, and Souganidis| (2023)) allow for
strategic complementarities, summarized by a single parameter 6, the negative of the elasticity of a firm’s
optimal price to the aggregate price, and find that the cumulative output response becomes the kurtosis
ratio scaled by 1/1/1 + 6; the scaling is exact in the Calvo model and numerically close in menu cost models.
However, 6 is not a moment of the distribution of price changes: it must be calibrated, or estimated from the
response of prices to costs and to competitors’ prices, that is, from a regression of the kind we study.



no complementarity and small shocks or with a large Kimball superelasticity and large
shocks. Dotsey and Wolman (2020) reach the same underidentification conclusion while
targeting six moments of the distribution of price changes. Consistent with these results,
Hong et al.| (2023) find across producer-price sectors that only the frequency is robustly
related to measured non-neutrality, and that kurtosis has little predictive power. These mo-
ments also depend on how prices are measured: Nakamura and Steinsson| (2008]), Eichen-
baum, Jaimovich, and Rebelo| (2011)) and Kehoe and Midrigan (2015]) show that the mea-
sured frequency of price changes is highly sensitive to the treatment of temporary sales
and to the use of posted versus reference prices. Relative to this literature, we propose con-
ditional moments, the response of prices to an observed cost shock, whose mapping to the
Phillips curve is the same across time- and state-dependent models, does not depend on
the distribution of idiosyncratic shocks or on micro-level real rigidities, and is unaffected
by variation in prices that is unrelated to the shock.

Second, we contribute to the literature on generalized Phillips curves in Ss models. Au-
clertetal. (2024)) define the generalized Phillips curve as the sequence-space Jacobian from
real marginal cost to inflation, and find numerically that the generalized Phillips curve of
menu cost models is close to that of a Calvo model with a suitably chosen “synthetic” Calvo
survival probability. However, operationalizing this result requires knowing the underly-
ing model to compute the synthetic survival probability that best approximates the menu
cost generalized Phillips curvem Our robust statistic operationalizes the Calvo approxima-
tion without knowledge of the underlying model. Our approach builds on an aggregation
argument reminiscent of (Caballero and Engel (2007)). They show that in a stationary Ss
model the impact response of the price level to a small nominal common shock is the av-
erage of firms’ marginal responses to it. We show that it also equals the average response
of firms’ prices to their own idiosyncratic nominal cost shock, the object a cross-sectional
regression identifies.

Third, we contribute to the empirical literature that estimates the pass-through of cost
shocks into prices at the firm level and uses it to learn about monetary non-neutrality
(Gopinath and Itskhoki 2010 E| Closest to us, Gagliardone et al. (2025 and Herrefio,

7Alternative1y, a researcher can rely on the |Alvarez, Le Bihan, and Lippi| (2016) sufficient statistics and
the known kurtosis of the Calvo model to infer the synthetic Calvo survival probability, but this approach
suffers from the misspecification risk highlighted above. We document this numerically in our results.

®A large literature also studies pass-throughs outside of the question of monetary non-neutrality (e.g.,
Amiti, Itskhoki, and Konings|2019; Sangani[2026)).



Pinardon-Touati, and Thie (2026)) both estimate pass-through regressions to recover the
slope of the marginal-cost Phillips curve in the Calvo framework. In particular, [Herrefio,
Pinardon-Touati, and Thie| (2026)) show that in the Calvo model the pass-through at two
horizons identifies this slope. This paper shows what the same regressions identify in
state-dependent models: the Phillips curve exactly in the Gertler-Leahy model and to a
tight approximation in the canonical menu cost model, so that the two-coefficient recipe

applies without knowing the pricing modelﬂ

2. Environment and Generalized Phillips Curve

This section lays out the environment common to the three models we consider and de-
fines the object we want to recover, the generalized Phillips curve. Throughout, lower-case

letters denote log deviations from a zero-inflation steady state.

2.1. Environment

Firms and marginal costs. A continuum of firms ¢ € [0, 1] produce differentiated vari-
eties, aggregated with a CES aggregator with elasticity ¢ > 1, so that firm i faces the de-
mand Yj; = (Pj;/P;)~°Y;. Each firm produces with the technology Y;; = AitN]tz v € (0,1],
where Nj; is labor hired at the economy-wide nominal wage W; and A;; is idiosyncratic

productivity. In log deviations, the nominal marginal cost of firm i is

I—7

a; 1-—
(1) mce;y = Mmcg — 7” + 77 (yit — Y1), mey = wg + Y:,

where mc; is what we call aggregate nominal marginal cost. Real per-period profit at the

nominal price Pj; is:

o -GG T

9A distinct literature estimates the slope of the Phillips curve from cross-sectional regressions across
regions (Hazell et al.[2022}|Cerrato and Gitti|2022;|Fitzgerald et al.[2024)). Our statistic identifies the marginal-
cost Phillips curve while this approach typically measures the output or unemployment based Phillips curve,
which jointly identifies the slope of the marginal-cost Phillips curve and the response of marginal cost to the
output gap.



The flexible-price—or frictionless desired price—maximizes ([2) and is equal to a constant

marku — over the 11rm s own marginal Cost. oolving ror tnis quantity, we obtain
kup = the firm’ ginal cost. Solving for this quantity, btai

1
Lt+e(l—7)/v

(3) p;‘t = w(mct — %) + (1 —w) Py, w
v

€ (0,1],

once the constant wIn —£7 is dropped. Throughout, “desired price” is a shorthand for (J3)).
With constant returns, w = 1, and the desired price is nominal marginal cost itself. With
decreasing returns a firm that raises its price sells less and so produces at lower marginal
cost, which damps the desired response to a cost shock by a factor w < 1. The coefficient

w acts as an index of micro-level real rigiditym

Loss function. Let z;; = p;; — p}; = In Py — In P} denote the price gap. Expanding (2) to

second order around the desired price, the per-period cost of a mispriced good is

£ 1
@) WP~ TP = 3 Card+ Oeal®). Cu= ()

Dividing by Cj; then measures every loss in units of the curvature: the per-period loss
becomes 5%21&' and the cost of adjusting, which depends on the adjustment technology
introduced below, is measured in the same unit. Where that cost is a menu cost we take
it to be proportional to frictionless revenue, £Cj;, so that in curvature units it is a constant
¢ common across firms and dates. Using standard second-order arguments, equation (&)

leads to the following objective function:

(5) Eo Z Bt [%x?t + (cost of adjustingit)] ,
t>0

Adjustment technologies. We consider two distinct adjustment technologies.

Calvo. This is model (C). With probability 1 — ¢, i.i.d. across firms and time, the firm may

reset its price at no cost; otherwise its price is frozen.

10 Every result below uses only the reduced form (B]) together with a loss that is quadratic in the gap. Two
other sources of micro-level real rigidities deliver the same reduced form: a firm-specific labor market whose
wage the firm internalizes, w;; — w¢ = p(n;; — Ni) with ¢ the inverse Frisch elasticity, which is isomorphic to
with 1777 = ; and Kimball demand, for which (3]) holds to first order with w set by the superelasticity.
In this latter case, the curvature of the loss then depends on the firm’s relative cost, so the reduction to the
gap below holds only to second order. We provide numerical results for this case in Section



Menu cost with free adjustments. The Gertler-Leahy model (GL) and canonical menu cost
model (MC) both use this technology. The firm pays a menu cost &;; € {0,&} to change
its price, with a free adjustment (¢;; = 0) materializing with probability ), i.i.d. across
firms and time: the CalvoPlus specification of Nakamura and Steinsson| (2010), which
nests Golosov and Lucas| (2007) (A = 0) and Calvo (¢ — OO)E| Whenever the firm re-

considers its price, the optimal policy has an Ss form: it adjusts if and only if its gap lies

outside an inaction band [—z, 7] around the reset price (Appendix|A.2.2land [B.4.1)).

More generally, the menu cost may be drawn from an arbitrary distribution and take
more than two values; we refer to this case as the generalized menu cost model (GMC).
The main text states results for (MC) and notes in each case how they extend to (GMC),
with the full (GMC) results left to Appendix|A.3

Idiosyncratic shocks. We decompose idiosyncratic productivity into two components,

(6) —% =zt + Uy,
so that
(7) piy = w(mer + zig +V3¢) + (1 — w) By

The component z;; is a generic productivity process. The component ¥;; is a cost shifter that
the econometrician observes and uses as a regressor; for instance in Herrefio, Pinardon-
Touati, and Thie| (2026)) it is a firm-specific input-cost shock. The split ([6]) is a statement
about what the econometrician observes, not about how the firm behaves. Both compo-

nents are independent driftless random walks:

(8) Vit = Vi 4—1 + €it, Elei] =0, Var(e;) = 03

(9) Zit = Zip—1 + €5, Ele;;] =0, Var(ej,) = o2,

where ¢;; and €, are mutually independent, i.i.d. across firms and time, and independent
of all adjustment draws at all dates; in particular, both are independent of the firm’s pre-

determined state (its price, its gap and its adjustment history). The three models differ in

n [Nakamura and Steinssons specification the menu cost takes a low or a high value each period; we
set the low value to zero, so that &;; € {0,&}.

10



the distributional assumptions on these shocks.
Calvo (C). €;; and €, can have any distribution with the moments above.

Menu Cost (MC). €, has a symmetric, single-peaked and continuously differentiable den-

sity. For our baseline identification results, ¢;; is Gaussian, and we discuss the non-Gaussian
case in Appendix
Gertler-Leahy (GL). The driving shock is a large turbulence shock: with probability 1—7,1.i.d.

across firms and time, z;; = 2; ;1 + €}, with we, ~ U[—¢/2,/2]. By contrast, innovations
to mcy, Py and v;; are small: they move the desired price by at most a first-order constant
m over the horizon a price is expected to last, and ¢ > 4z + 2m, so that the band sits strictly
inside the support of the turbulence shock. As explained below, this infrequent, uniform

and large turbulence draw is what makes the model tractable.

With these assumptions, the desired price is a random walk in every model. Then,
the firm’s problem depends on (mct, zj;, ¥;¢, P¢) only through p7,. In the stationary cross-
section the reset price is then the current desired price and the reset gap is zeroH

We state our main results under the random-walk assumption for simplicity, but this
assumption can be relaxed. In models (C) and (GL), every analytical result goes through
with modified formulas. In model (MC), we do not provide analytical results for this case,
but Section [5.4| presents numerical results that show that our method performs equally
well. Appendix B.6|details the three cases.

Aggregation. To first order the log price indexis P; = fol pi¢ di, and since [ (z+9;) di =
0, [ pf di = wmeg+(1—w) Py, so that Py = mep+w ™! [ 2y di. Inflationis 7 = Pr—P;_1. Real
marginal cost is mc; = mc; — P;. The rest of the economy (labor supply, the Euler equa-
tion, monetary policy) determines mc; and is only needed for the general-equilibrium

exercises.

2.2. Pass-Through Jacobians and the Generalized Phillips Curve

We use sequence-space notation: bold symbols denote sequences starting at date 0, col-
umn vectors indexed by ¢ = 0,1,... (truncated at a horizon 7" in computations), P =

(Py, P1,...), mc = (mecg,mey,...), and so on. L and F are the lag and lead operators,

12Gee Section for (C), Appendix for (GL), Appendix for (MC).

11



square matrices of the same dimension with ones on the first subdiagonal and superdiag-
onal respectively, so that (Lx); = x;_1, (Lx)g = 0 and (Fx); = x¢41; [ is the identity matrix
and1 = (1,1,...) . For aJacobian matrix .J we write J|t, s] for its entry in row ¢ and column
s, both indexed from 0, so that [J1], = >, J[h, s] is the date-h response to a permanent

unit shock.

Starting from the steady state, each model m € {C, GL, MC} maps a perfect-foresight
sequence of desired prices into a sequence of price levels through the aggregation of indi-
vidual price-setting responses. Its first-order representation is the desired-price pass-through

Jacobian

0P

m — . 1m *

(10) Jpjp*[t, S] = a_p§7 P— Jpjp*p y

the response of the price level at ¢ to a common shift of every firm’s desired price at date
s. This is a partial-equilibrium object: it treats the path of desired prices as exogenous and
includes no feedback from prices to desired prices. By (7)), holding the price level constant,

a unit change in mc;s shifts every desired price by w at date s, so the nominal marginal cost

pass-through Jacobian is

(11) T melt 5] = OF

~ Omecg

_ m
p= w Jp e[t 8.

Using p* = wmc + (1 — w)P and mc” = mc — P, the price level solves the fixed point
P = J]’?,p* (wmce + (1 —w)P) = J}Z"p* (wmc” + P), so the real marginal cost pass-through

Jacobian writes:

(12) TPmer = (I = T ) w B e =w (I = TP O TH IR
Finally, we define the generalized Phillips curve Jacobian, as:

(13) mmer = (I = L) Jp, -

Given J" ., inflation is pinned down by the path of real marginal cost, 7 = J"",  -mc",

and hence by any demand-side block that determines mc”. Equations (12))—(13)) are pure

linear algebra given J}Z‘p* and w, with J]@p* the only model-specific object.

12



m

With a slight abuse of terminology, we refer to J"

[0, 0], the impact response of infla-
tion to an unanticipated and purely transitory increase in real marginal cost, as the slope

of the Phillips curve.

3. A Robust Statistic for the Generalized Phillips Curve

3.1. The Statistic

Consider the following regression in the stationary cross-section of firms, for horizons

h=0,1,2,... (the statisticuses h = 0and h = 1):

(14) Pit+h — Dit—1 = ap + bpeip +uj

by, is the population local projection of cumulative price changes on the idiosyncratic in-

novation. Then, define:

(15) SR = b _ 1
bo
(16) K IRF — bo(l ;H?}):QSIRF)

LetOg = (I - BF)~L. Our estimate of the generalized Phillips curve is then:

15 B2 B

0 1 2

(17) JIRE = fREQ IR oy
’ 00 1 7

There are two key steps for understanding the identification of the generalized Phillips
curve. First, we show that the micro IRF by, is equal to the response of the aggregate price
level to a permanent unit shock to nominal marginal cost, [J]@?m 1], at every horizon h.
Second, we show that the first two entries of Jp  1—identified by by and b;—allow to
provide a highly accurate approximation of the generalized Phillips curve JI,, . ina wide

class of models.

13



3.2. From the Cross-Sectional to the Aggregate Pass-Through

In every model m, the population local projection of cumulative price changes on the id-

iosyncratic innovation is given by:

Cov (pj t+n — Pit—1, €it)
Var(e;t) ’

h=0,1,2,...,

(18) by

We write b™ = (bg", b, ... )" and call it the micro IRF.

Prorosrition 1 (Micro-macro bridge). In each model, under the conditions listed below, the
micro IRF equals the response of the aggregate price level to a permanent unit shock to nominal
marginal cost:

(19) by' = [P melln  forallh > 0.

Pmc

The conditions, beyond the independence assumptions on the innovations maintained after (9)), are:
none in (C); the small-shock assumptions of Section|2.1\in (GL); and, in (MC) and its extension
(GMC), e;t ~ N(0,02).

Proof (main argument, full proof in Appendix[B.5)). Fix t and a firm. Let S be its predeter-
mined state, €;; its identifying innovation, and D the other random draws that affect its
prices through ¢+ h; the cumulative price change is then a deterministic function fj,(¢;;; S, D)
of the innovation. The proof has two steps.

The first step shows that the aggregate response is the cross-sectional average deriva-

tive of the price path with respect to the firm’s own shifter,

d

(20) [Jgfmcl]h = % ES,G,@[fh(Eit + 5; S> D)] 5=0’

in every model. Under the random walk, the shift § raises the desired price by wd at every
s > 0 and changes nothing else. Since the firm’s problem depends on (mcy, zjt, 944, P;) only
through p7, in the normalized pricing problem used here, and the price level is held fixed
in ([T1)), this is, from the firm’s point of view, an unanticipated permanent increase in mc
by 6. Averaging over the stationary cross-section gives the response of the aggregate price

level to a permanent unit nominal-cost shock with the price level fixed@

13Caballero and Engell (2007) offer a related but different result: they relate the macro IRF to a common
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The second step shows that the regression coefficient 4" equals the right-hand side of
(20). The regression weights each firm’s price change by its own innovation; the average
derivative weights the local responses of f;, by the population density of the innovation.
The two coincide: (i) for every response function fj, when the innovation is Gaussian, by
Stein’s identity — which is why (MC) and (GMC) require the same condition regardless
of the menu-cost distribution H, since the argument only uses the shape of f;, not the
two-point structure of §;; —, or (ii) for any distribution when the response (averaged over

the other draws D) is affine in the innovation, which is the case in (C) and (GL). ]

This Proposition easily accommodates two extensions. First, if ¢;; is not Gaussian in the
menu cost model, [J7, 1], remains identified but the correct estimator becomes an IV
regression of the cumulative price change on ¢;; with instrument s(e;;) where s(e) is the
score of the shock’s density. We present the identification proof in Appendix[B.5.4and pro-
vide numerical results in Appendix|C.3} Second, even when shocks are not random walks,
this analytical identification result carries over to the (C) and (GL) case (with modified

formulas), and we provide numerical results for the (MC) case (Appendix[B.6).

Cororrary 1 (Pass-through and the surviving gap). In every model,

Cov (% t1h€it)
: .
99

(21) =w+

Proor. Write p; 1 p—pit—1 = (0] 45— Pi 1)+ %it+h—Tit—1- WithJ arandom walk and €;
independent of all other innovations and of the aggregates, Cov(p;, , —p;; 1,€it) = wa?}

by (7), and z; ;1 is predetermined so Cov(z; ;—1,€;t) = 0. O

Pass-through at horizon h falls short of w, the pass-through of the shock into the desired
price, exactly to the extent that the price gap h periods after the shock still carries the shock.
This identity holds in every model and is the device we use to explain the shape of the
micro IRF. It also shows what the long-run pass-through measures: with a random-walk
shifter, b} — w, the desired-price pass-through coefficient, irrespective of the adjustment

technology.

shock to the average of firms’ marginal responses to that same shock; we relate it to the average of firms’
marginal responses to their own micro shock.
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What is not identified. The micro IRF identifies the vector Jgfm -1—the response to an
unanticipated permanent cost shock with the price level held fixed—and not the matrix
J P+ idiosyncratic shocks are never anticipated, so the columns describing responses to
anticipated future cost changes are outside the regression’s reach. In addition, without
further structure, it does not separately identify w from Jj5' . at any finite horizon. Since
the generalized Phillips curve ([13]) depends on the entire matrix J .+ the micro IRF does

not identify it in general.

3.3. From the Pass-Through Matrix to the Generalized Phillips Curve

This section shows how only the first two entries of J35, 1 allow to construct a highly
robust estimate of the generalized Phillips curve across price setting models. To build in-
tuition, we start from the Calvo model, where the two entries of Jgfm 1 are sufficient to
recover the entire generalized Phillips curve exactly. We then show that the same two en-
tries are exactly sufficient in the (GL) model, which allows to provide intuition for our key
result that—even if not exact—our statistic provides an extremely robust estimate of the

generalized Phillips curve in the general class of (MC) models.

3.3.1. Calvo and the IRF Statistics

For any non-adjustment probability a € (0, 1) define

-1 0 0 --~- -1 Ba (ﬁoz)Q i
ry=(-anyt= | P e =—pario |t 0
a2 a1 --- 0 0 1

A firm that resets at ¢ keeps its price until its next adjustment opportunity, so it minimizes
1 2
= 2520(504)55(]?36“’ — P} 4y,)” and sets

(22) PV =(1-Ba)Er > (Ba)pfsr,  or PPV =(1-Ba)O(a)p;,
s>0

where p} = w(mc +z; + ;) + (1 —w)P by (7)) and, for the idiosyncratic components, the

sequence is the expected path. ©(«) maps the sequence of desired prices into the sequence
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of reset prices. The expected price of the firm weights reset prices across vintages by the

survival probabilities,

(23) pir=01-a)) o/ pi™,  or  p;=(1—a)T(a)p".
j=>0

T (c) maps reset prices into the price level by aggregating over surviving vintages. Then,

(24) Pi = Jpy(@) P, Jpy(a) =(1—a)(l — Ba) T(a)O(a).

Aggregating across firms, the idiosyncratic components wash outand P = J§ (@) (wme+
(1 — w)P): the desired-price pass-through of the Calvo model is J$ - (a), and its nominal

marginal cost pass-through Jacobian is J}CD, a) =w J]C%p* (a). Two properties of J]C%p* ()

WLC<

drive everything that follows.

Lemma 1. Let k(o) = (1 — «)(1 — Ba)/a. Then
(i) [Jpe(@)1]p =1—a*h
(if) (I = L)(I = JG ()~ TG e (a) = £(a)Op, so that by @2)~([3) JS .0 (@) = wk(a)Op.

Proof: Appendix[B.1.1}
Property (ii) is the New Keynesian Phillips curve m; = wk(a) mc] + fmy41 written in se-

quence space m = w r(a) Ogmc’.

ProrosiTion 2 (The IRF statistics in the Calvo model). Suppose that in any model m the
desired-price pass-through Jacobian has the Calvo structure, Jgp* = chgy - (a) for some o € (0,1),
with desired-price pass-through w € (0, 1], and that Proposition[I|applies. Then

(i) O = w(l — a1, so that

m

b
(25) PRE™ = ﬁ —1l=o

m

(if) the generalized Phillips curve is J)", » = k"™ @p, i.e. mp = KN mcf + Bryyq, with

bm (1 _ ﬁ¢IRF’m)
IRF,m — ~0
(26) K = ¢IRF,m

Hence, given 3, the first two entries of the micro IRF determine the entire generalized Phillips curve.
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Proor. (i) follows from Proposition [I| and Lemma [1[(i). (ii) follows from Lemma [I|(ii),
e = wk(a)Og, with wk(a) = w(l — a)(1 - fa)/a = by(1 — Ba)/a by (i). O

w,mc"

This works because of two things. by captures the first entry of the passthrough Jaco-
bian. The mapping from the on-impact passthrough to the Phillips curve only depends
on «a (given (), which is identified by the ratio b1 /bg. The two entries of the micro IRF are
therefore sufficient to recover the entire generalized Phillips curve.

The micro-to-macro mapping is a fixed-point problem: firms reset their prices taking the
aggregate price level as given. The strength of the feedback from prices to desired prices is
governed by 1—q, the degree of price flexibility (and does not depend on w, since the price
level enters the desired price with total weight 1). The micro IRF identifies a because, by
Corollary w — by, = —Cov(z; 1p,€it)/ 0129 — walt1: the shortfall of pass-through from
its long-run value w at horizon h is w times the probability that the shock still sits in the
firm’s price gap. This shortfall decays at the geometric rate «, and the ratio b1 /by = 1 + «
reads it off because real rigidity scales every entry of the micro IRF by the same w. If prices
are very sticky, many firms cannot adjust in the first period, so a larger remaining mass of

firms still wants to adjust between ¢ = 0 and ¢ = 1. The level bj then identifies w@

Remark 1 (Persistent shifters). With ¥;; = pv; ;1 + €;; and J}?p* = Jp p*(a), we instead
have:
(1 —a)(1 = Ba) b1
b = _— =
so that a = by /by — pand k = wk(a) = by(1 — Bap)/a, with p estimated from the autocorrelation

of the shifter. The random-walk formulas (25])—(26)) are the case p = 1.

We can already note that the Calvo structure of J%p* (o) is not tied to the Calvo lottery.
In the Rotemberg model, where every price changes every period at a convex cost, the
desired-price pass-through is exactly J%’, - (ar) with ag the stable root of the firm’s Euler
equation, so Proposition [2|applies verbatim and the statistic is exact while the frequency
of price changes is one (Appendix B.2)).

14Given a third entry the system is overidentified, by = w(1 — a?), which provides a specification test of
the Calvo structure. Note that the micro IRF does not identify 5: under a random walk no entry depends on
$3, and under an AR(1) shifter § enters only through the level factor (1 — Sa)/(1 — Bap) of Remark(T} which
is confounded with w.
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3.3.2. Gertler-Leahy

In the GL economy the decision to adjust is state dependent, so there is no structural
non-adjustment probability that a Calvo econometrician could target. Nevertheless, the
desired-price pass-through Jacobian is exactly Calvo, with the probability ), = (1 — \)n
that a price is neither hit by turbulence nor freely reconsidered in place of «, and our
statistic recovers 7, (set-up in Appendix proofs in Appendix [B.3)).

Reset behavior. A key result is that a firm reconsiders its price only when hit by turbu-
lence or when it draws a free adjustmentEA price therefore lasts until the next hit or free
draw, an event of per-period probability 1 — 7). After a hit the firm adjusts if and only if
its would-be gap leaves the band [~7,7], T = /2(1 — n)3)&; after a free draw it always
adjusts. A firm that adjusts at ¢ faces the same trade-off as a Calvo resetter, since its price
survives each period with probability 7, regardless of its gap: its reset price is the Calvo

formula (22)) with 7 in place of «, evaluated along the path with no further hit,

(27) PR = wzig + (1= mB)Er > _(m\B)° [W(mcws + Vipgs) + (1= w)Pt+s],
s>0

where z;; enters separately because it is frozen until the next hit. Let p;; and p}*" denote

the expectations of p;; and pji* over the turbulence process (hits and draws), given the

paths of mc, P and ¥;. Turbulence draws being mean zero,

(28) PR = (1—=mB)Er > _(mp)° [W(m0t+s +Vit+s) +(1— w)Pt+s] :
s>0

Aggregation. Consider a firm hit at ¢ without a free draw. Its would-be gap, y;t = p; 11—

new

Dit
bounded by m, minus the turbulence draw we

,is the gap after its last hit, inside the band, plus the drift of the reset price since then,

Z
1124

y;¢ is therefore uniform on an interval of width ¢ containing the band. The firm keeps its

uniform with support width ¢ > 4z + 2m:

15This follows from the decision-cost assumption (A4) of Appendix a firm that is neither hit nor free
does not pay the cost and keeps its price. The small-shock assumptions (Al)-(A3) make (A4) consistent,
since the gain from reconsidering without a hit is second order while the gain after a hit is not, and keep the
band strictly inside the support of the turbulence draw.
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price if |y;;|< z, probability 2z /¢, and resets otherwise, so

E[pi: | hit] = Pr(adjust | hit) E[p;; | hit, adjust] + Pr(keep | hit) E[p;; | hit, keep]

27 27 i
- (1 - ?)pﬂfw += (p%ew +E[yit | lyirl < 1‘]) =i

(29)

since E[y;; | |yi¢|< Z] = 0: non-adjusters are spread symmetrically around the reset price,
so the expected price of a hit firm equals its reset price whether or not it adjusts. Free

adjusters are at the reset price by construction. Hence

oy Pir= Qb N mpiet = mpis-+ (=) Pt
free adjusters hit, no E‘ree draw neither

the Calvo law (23]) with hazard 1 — 7, and reset price (28)): adjustment is state dependent
firm by firm, but in expectation every price behaves as if reset with probability 1 — 7,

regardless of its gap. Integrating across firms, P = J o+ (M) [wme + (1 —w)P].

Prorosition 3 (Gertler-Leahy). In the GL economy,

(i) The desired-price pass through Jacobian is Calvo: J%j* = Jlg,p*(n/\), and hence JZ » =
C .
‘]7r7mc7" (77)\)/
(ii) The IRF statistics are exact: bi" = w(1 — ng“); RECE =y and JGY - = kRECLO;

(iii) The virtual hazard 1 — ¢"RFCL exceeds the actual frequency of adjustment: freq = X + (1 —
M1 =n)(1—-2z/¢) <1—n).

Proof: Appendix

Despite the model not being Calvo, the statistics by and ¢™F:CL

recover the correct stru-
tural objects, even if they depend on 7, as opposed to the actual frequency of adjustment
freq. First, by = w(1 —n)). The shifter innovation moves the desired price by we;; but never
triggers a reconsideration; the price moves only on a hit or a free draw, with probability
1 — ), and in that event the expected price is the reset price whether or not the firm ad-
justs, by (29), which moves one for one with we;;. The expected price change at impact is
thus (1 — n) )we;;. Here, selection means that firms that don't reset had the right price on
average, and so the loading of the actual price on the desired price moved by the shock

is higher than the actual frequency of adjustment. Second, the statistic ¢'*FCL recovers n),

16The proof relies on Proposition applying. Note that this is not the case if, instead of the shifter inno-
vation ¢;;, the econometrician regresses on the turbulence innovation €. See discussion in Appendix
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and not freq. By Corollary w —bp, = —Cov(z; typ€it)/ agz the shortfall of pass-through
from w is the part of the shock still sitting in the firm’s gap, in expectation over hits and
draws. After a hit or a free draw the shock is fully absorbed in expectation, whether or not
the firm adjusts; so it survives in the expected gap at horizon h only if neither event has
occurred in i + 1 periods, probability nf\lH. Thus w — by, = wnf\‘H, and ¢l = .

In the (GL) model, the assumptions ensure that the whole Jacobian is exactly Calvo.
However, the insights from this discussion carry over to the general (MC) model: our
statistic approximates the true Jacobian even when the economy that generates it is not
Calvo, because it measures the survival of the shock in the expected price, not the survival

rate of realized prices.

3.3.3. Canonical Menu Cost

In the canonical menu cost model, J}\;I;* does not have the Calvo structure. We proceed in
three steps: what b) identifies; what the term structure of the micro IRF identifies exactly,
namely the average survival function of Auclert et al.| (2024)’s two-margin representation,
of which ¢RFMC js the one-period-ahead value; and why extrapolating this object geomet-

rically, which is all the Calvo structure adds, is accurate.

Policy function. The firm reconsiders its price every period, and its pre-adjustment gap
is ;41 — w(€}; + €;¢). In the steady state the reset gap is 2 = 0 and the band is sym-
metric; the pre-adjustment gap has a stationary density g(z), and the frequency of price

adjustment is freq = 1 — (1 — \) [*_ g(z) da.
On-impact pass-through. By Proposition [[jand Appendix[B.4.2}

(31) 0yC = [JPS 1]y = w[freq +2(1 — \) g(7) 7].

Pmc

The on-impact pass-through, measured by the regression coefficient bj~, encodes the se-

bMC
0
lection effect. Selection is the dependence of the adjustment decision on the gap: unless
it gets a free adjustment, a firm adjusts if and only if its gap lies outside the band, so ad-
justers are the firms with the largest gaps, not a random sample of firms. by contains it

mechanically, because the shock displaces every gap and thereby pushes the firms sitting
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just inside the edges of the band into adjustment, and the covariance weights these re-
cruited adjusters by their full price change, 7, rather than by the marginal displacement
that recruited them. Therefore, the impact pass-through exceeds w times the frequency

(the Calvo-world coefficient).

Term structure of the pass-through matrix. The building block is a time-dependent
(TD) model in which a price set at date ¢ is still in place at ¢4 s with probability ®; (®g = 1,

5 decreasing):

1

_ [ORFaNi)
T (S0 (S ey L

(32) Ty (®)

where T® is lower-triangular Toeplitz with entries ®; s and % is upper-triangular Toeplitz
with entries 35 '®,_;; the Calvo model is the case @5 = «*, for which JIT;-%* (@) = J%p* ().
Auclert et al| (2024)) prove that the desired-price pass-through of the canonical menu cost

model is a convex combination of two TD Jacobians,

(33) TP = 0e Jppe(@) + 0 Jp s (®), et oi=1,  Jps.=wIpos
whose virtual survival functions ®° and ® encode the extensive margin (movements of the
adjustment bands) and the intensive margin (movements of the reset price)m

Lemma 2 (TD partial sums). For any TD model, [J{0.(®)1];, = b ®s/ Yyo0 Ds.

The permanent-shock IRF of a TD model is the normalized partial sum of its survival

function. Applying Lemmato the mixture (33)) and using Proposition by, = w[J%(I;* 1],

h
(34) BC=0CY s, Dy =m0+ m,; D
s=0

with weights m, = 2(1 — \)g(Z)z/(by/w) and m; = freq/(by/w) summing to one.

7Let E*(x) denote the steady-state expectation of the gap of a firm s periods ahead, given a gap z today
(E°(2) = z; the firm may adjust in between). Then ®¢ = E%(z)/7, the surviving fraction of a marginal gap
that starts at the adjustment threshold, and &% = E*(0), the sensitivity of the expected future gap to the
current gap at the reset point; the mixture weights are oo = 2(1 — \)g(z)z Y, ¢ and o; = freq ), ®. See
Auclert et al.| (2024)).
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Identification from the term structure. The shape of the micro IRF identifies the average

virtual survival function ®;, horizon by horizon:

MC MC
by~ — by~

(35) i L9, h>1
0

In particular, our statistic recovers a structural object of the canonical menu cost model

exactly:
[RF bli/[c =
(36) ¢ ME = pMC —1=9y,
0

the average one-period survival of a marginal price gap. What the Calvo structure adds is
only the geometric extrapolation of ®; to later horizons, to which we turn below.

Like b)', ¢'"*MC internalizes selection effects. It is the one-period survival of a marginal
gap, not of a price spell: a firm that carries the shock past impact has a larger gap and is
disproportionately likely to be pushed across a threshold next period, so the shock con-
tent of prices mean-reverts faster than price spells end, and ¢™"MC falls short of 1 — freq
(Appendix[B.4.2)). The ratio reads the survival of the shock in the expected price—the ob-
ject the Jacobian is built from—which selection accelerates; the frequency counts spells,

— @REMC s there-

which selection leaves untouched. The gap between the two, (1 — freq)
fore a model-free measure of the strength of the selection effect, a feature we document
numerically below.

This exact identification result carries over to the (GMC) case with an arbitrary distri-
bution of menu costs: the micro IRF still identifies the average one-period survival exactly

at horizon one (Appendix[A.3)).

The Calvo extrapolation. Our IRF statistics assembles the generalized Phillips curve

JIREMC _ C ($IRFMC) IRF,MC __ bI(\)/IC (1 — BRFMC) J GIREMC,

_ IREMC s
wme” e =K O3 with first entry x

It takes the identified pair ([J}é{% 1o, ®1) and extrapolates the survival function geomet-
rically, &, ~ (¢RFMC)S The extrapolation involves two approximations:
(i) Along the permanent-shock IRF, horizons h > 2. With the levels b’ and b} matched,

the error is

h
RO (@ = (),
5=2
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the geometric extrapolation set against the true average survival function. It is small
because, as |Auclert et al. (2024) document numerically, the virtual survival func-
tions of the two margins converge to the same constant and deviate from it in opposite
directions—the extensive margin from above, the intensive margin from below—so
the deviations roughly offset in the average ®, leaving it close to geometric. This ap-
proximation is also testable: &), = (¢'RFMC)" at b, > 2 is a geometric-survival restric-
tion, and estimated deviations from it measure the extrapolation error directly.

(ii) From the IRF to the matrix. When each margin’s survival function is close to the same
geometric—which is what the offsetting virtual survival functions deliver in practice—
the shared Y®O? architecture of (32)) transfers the proximity to every entry of the

Jacobian.

A bound. For an infinite matrix A and a reporting horizon H > 1, let

(37) [Allg= max s;) |Alt, ]|

denote the maximum absolute row sum over the first H + 1 rows; it satisfies |[A1]¢|< || A|| g

fort < H.
AssumpTion 1. There exist o* € (0,1) and e > 0 with HJ%E* — J]%p*(a*) | <eande < 1—a*

The assumption says that some Calvo desired-price pass-through Jacobian is close to that
of the menu cost model, the numerical finding of [Auclert et al.| (2024)). Define the approx-
imation error £ = J%E* -JS (). The proposition below then bounds the error of the

Calvo Jacobian assembled from ¢RF-MC,

ProrosiTioN 4 (Menu cost). Under the conditions of Proposition [I|and Assumption
(i) the desired-price pass-through Jacobian satisfies

(38) [T = Tppe (@M g < &+ Mp(la) {— ——

where I, = [min{a*, ™M} max{a*, "M Y and My (In) = sup,c; H&J}C;p* ()/0c| g,
a finite number determined by 3, H and 1, whenever I, C (0, 1); hence the nominal Jacobians

satisfy ||J11\§§,w - WJJCD,p*WIRF’MC) | g < wBp with the true w;
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(ii) on the system truncated at the reporting horizon H, with ||-|| the maximum-absolute-row-sum
norm (submultiplicative there) and the truncated I — J}\g’[;* invertible, the generalized Phillips
curves built from (12))—(13)) with the true real rigidity w satisfy

(39) [1T35er = Tfamer (@M < 20 (1 = T e (8NN I = TEG) ™ B

w,mc" T,mc"

Proof. See Appendix 0

Part (ii) deserves a comment. Every entry of J'" |

matrix: (I — J]@:‘p*)_ljg,p* =D k>1 (Jgp*)k, and the entries of (J]@”"p*)k sum over round

. depends on the whole pass-through

trips through all dates—the wage—price spiral, in which prices move desired prices at ev-
ery date, through nominal costs mc = mc”+ P with weight w and directly with weight 1w,
and those desired prices move prices again. The amplification factor || (/— J]% o (MREMEY) =1y (1
J}X{g*)_l | in (39) measures the strength of the wage—price spiral: it is large when prices
are flexible, and it grows with the reporting horizon, since a permanent movement in real
marginal cost feeds inflation indefinitely. At the Phillips-curve level the Calvo approxima-

tion is therefore most reliable in sticky-price economies and over moderate horizons.

4. Performance of Robust Statistic Approximation in the Canonical

Menu Cost Model

This section presents numerical results on the performance of our method for estimating

the degree of monetary non-neutrality in menu cost models.

4.1. Simulation Set-Up

Simulations. From the solution of the stationary problem of the menu cost model, we
perform a Monte Carlo simulation to estimate the sufficient statistic. For any given param-
eterization, the simulation takes as inputs the vector of discretized price gaps g4, the
stationary distribution over price gaps g, the transition matrix of price gaps conditional on
no adjustment Qnot, the adjustment-probability function ¢(x), and the target price gap =*.
It then simulates a large cross section of NV firms drawn from g, generates a sequence of la-

tent desired prices p;, using Gaussian shocks ¢;;, and assembles firm-level pre-adjustment
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gaps xgre = pit—1 — pj;- Finally, it simulates adjustment from Bernoulli draws according
to q(a:]gtre): if the firm adjusts, it sets p;; = 2™ + pjy; if it does not adjust, it keeps p;; = p; —1-

With this simulation at hand, we first discard a burn-in period, and then compute the
statistic defined in Section we estimate the h € {0, 1} local projection ([14)) of price
changes on marginal-cost shocks, infer the micro IRF-implied survival rate ¢'*F using (15)),

and compute the robust-statistic Calvo Jacobian JXX . as (17). In addition, from the so-

JMC

lution of the model, we compute the true generalized Phillips curve J'~ ..

Parameterizations. The literature has considered different parameterizations of this gen-
eral model, with two widely-used calibrations in|Golosov and Lucas| (2007)) and Nakamura
and Steinsson| (2010)). We fix a number of parameters, as detailed in Table|l| We replicate
the model-based moments targeted by these two papers, conditional on the parameter val-

ues fixed in Table I, and report the resulting calibrations of the other parameters in Table

2

TabLE 1. Key parameters of the menu cost model

Parameter notation value
Discount factor B 0.99
Elasticity of substitution across varieties € 6
Returns to scale Y 1

Std. of idiosyncratic shocks o calibrated
Std. of menu cost Ok 0.05
Frequency of free price adjustments A calibrated
Average menu cost L calibrated

TasLE 2. Alternative parameterizations of the pricing frictions.

Parameter |Golosov and Lucas| [Nakamura and Steinsson

i 0.006 0.051
A 0.000 0.179
oy 0.046 0.06

Beyond these two standard parametrizations, we exploit the flexibility of the CalvoPlus
model and show the performance of our approach across a wide range of calibrations. We
solve 113 menu cost calibrations that span the mean menu cost, idiosyncratic marginal-cost
volatility, and free-adjustment probability. The mean menu cost ranges logarithmically

from 0.002 to 0.08, oy ranges linearly from 0.02 to 0.12, and A ranges linearly from 0 to 0.30,
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with five values for each parameter. All other parameters are held at their benchmark
values. We only keep parameterizations where the quarterly frequency of price changes is
at least 14%, keeping 113 out of 125 possible combinations.

Note that because we consider Gaussian shocks as a baseline, the distinction in equa-
tions (§)-(9)) between the Gaussian identifying shock ¥ and the potentially non-Gaussian

unobserved shock z loses content, and we keep ¥ only.

Metrics. We define two main metrics to assess the quality of our numerical approxi-
mation of the generalized Phillips curve. First, we consider the first entry of the Phillips
curve Jacobian, which is sufficient to capture the on-impact inflationary effects of purely
transitory marginal cost changes. Second, we consider the Barnichon and Mesters| (2021))
Phillips multiplier statistic—the ratio between the present discounted values of the in-
flation and output impulse responses functions. This metric summarizes the generalized
Phillips curve at all horizons and has the advantage of isolating the properties of the
supply block of the model in generating inflationary pressures after a demand-induced
change in output. It requires to solve the model in general equilibrium, and hence to spec-

ify an IS curve and a monetary policy rule. We use standard formulations, detailed in

Appendix

Benchmarks. Across these metrics, we compare our estimate of the generalized Phillips
curve assembled from the IRF-implied survival rate Jr » = J< - (¢'%F) to the true gen-

m,mc’
eralized Phillips curve JMS

mer- We additionally consider two other Calvo approximations

to JMC . as benchmarks.
b

First, we compute the Calvo survival rate ¢f' that best approximates the entire true

Jacobian JMS ., as defined by|Auclert et al | (2024)), and consider the Calvo approximation
J;{mcr = J7$7mcr(¢FI)- Computing ¢™ requires knowing the true Phillips curve Jacobian,

i.e., knowing the structure of the model, we hence call it the full-information benchmark.

Second, we consider the feasible Calvo approximation of the generalized Phillips curve
proposed by Auclert et al| (2024) by relying on the Alvarez, Le Bihan, and Lippi| (2016)
sufficient statistic. Because the Calvo model provides a close approximation to the menu
cost model, it must approximately have the same cumulative impulse response of output,

c MC
and hence, the same ratio of kurtosis to frequency: K- — Kuree 1 addition, in the

freqC freqM

27



discrete-time Calvo model, Kur® = 3(2 — freq“). Hence, upon measuring the true ratio

MC
Kur°= in the data, one can infer a virtual Calvo survival probability ¢**" that would yield

freq
this ratio in a Calvo world, namely:

1

1 KurMC 1’
6 freqVC T 2

(40) =1

We consider the associated Calvo approximation of the Phillips curve Jacobian J< . . (¢*"7)

as a second benchmark.

4.2. Results

Approximating the menu cost generalized Phillips curve. Figure|l|documents our key
result: our micro IRF-implied approximations of the nominal passthrough and Phillips
curve Jacobians generate aggregate impulse responses to arbitrary nominal and real marginal
cost shocks that are virtually identical to the true ones. The top row reports the response
of the price level to a nominal marginal cost shock, which the pass-through matrix J¥¢ Pome
determines; the bottom row reports the response of inflation to a real marginal cost shock,

which the generalized Phillips curve JY< . determines. The left column uses the Golosov—

;mc”
Lucas calibration and the right column the Nakamura-Steinsson calibration. Each panel
shows three shocks of different persistence. The black lines are the true responses, com-

puted from JPS ~and JYG .; the blue lines are the responses predicted by the Calvo ap-

m,mc" ’

Jpr and JX . Across calibrations and persis-

proximations bullt from the micro IRF, Tme

tence levels, the approximated responses follow the true ones closely. Appendix Figures
and [C.4|show the same for anticipated shocks.

The close match follows from the fact that the micro IRF-implied Calvo approximation
reproduces the entire nominal passthrough and Phillips curve Jacobians very well, and
that these matrices suffice for the first-order dynamics of prices. Appendix Figures
and |C.2|emphasize this point by showing selected columns of the true and approximated
nominal passthrough and Phillips curve Jacobians.

The figure also reports two benchmarks: the full-information Calvo approximation,
which selects the survival rate from the entire true Jacobian (orange), and the kurtosis-
implied approximation (green). The IRF-implied responses are as close to the true ones

as the full-information responses, although the latter has a much higher informational
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Ficure 1. Responses to Nominal and Real Marginal-Cost Innovations
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Notes: The left column uses the Golosov-Lucas (2007) calibration and the right column the Nakamura-
Steinsson (2010) calibration. The top row reports price-level responses to nominal marginal-cost paths
(1, p, 2, .. .) for p € {0.3,0.6,1}; p = 1 is a permanent nominal innovation. The bottom row reports in-
flation responses to real marginal-cost paths with p € {0.3,0.6,0.8}. Black denotes the true DGP, blue the
IRF-implied approximation, orange Full Information, and green the Kurtosis ratio. Within each color, the
three paths correspond to the persistence values listed inside the panel.

burden. The kurtosis-implied responses are equally close in this exercise, in which w = 1
and shocks are Gaussian, the assumptions under which the kurtosis ratio is valid; the

results below show how they diverge once these assumptions are relaxed.

To move beyond these two parameterizations and show that our approach more gener-
ally approximates the true Phillips curve Jacobian, we move to the two summary metrics
introduced above: the first entry of the Phillips curve Jacobian (the slope of the Phillips
curve), and the Phillips multiplier.

Figure (A) shows our approximation of the slope of the Phillips curve JIX [0, 0]

against its true counterpart JM¢

er|0, 0] across calibrations. Our approximation is highly

accurate across parameterizations. The slope between the true slope and our approxima-

tion is 1.003, and the R? of the relation between the two objects is 0.999. The underlying
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DGPs used for these statements have a wide range of inflation responses to a purely transi-
tory shocks, from 0.06 to 100. Panel (B) adds to the figure the full-information and kurtosis

ratio Calvo approximations. Our approximation performs as well as the full-information

one.
114 . JMC
FiGure 2. The Slope of the Phillips Curve: J'7, - 0, 0]
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Note: The x-axis reports the first entry of the true generalized Phillips curve entry J3'7, [0, 0], referred to as
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the slope of the Phillips curve. The y-axis reports the same entry in various approximations of J'7 .. Panel
A reports JX +[0,0], the micro IRF-implied slope of the Phillips curve. Panel B shows JX .-[0,0] (blue

yme” ,me’
circles) and adds two other Calvo approximations: the full-information approximation J!', . -[0,0] (orange

w,mc"
triangles) and the kurtosis-implied approximation J3’, .~ 0, 0] (green diamonds). Each panel uses the same

113 CES calibrations with quarterly adjustment frequencies above 14% (observed range 15.3-79.9%). Both
axes are logarithmic. Solid lines are fitted regressions in logs, and the black dashed line denotes exact agree-
ment.

To investigate the performance of our approximation beyond purely transitory shocks,
we show results for the Phillips multiplier PDV(IT)/PDV(Y"). Figure B|(A) shows that the
robust statistic approach recovers the correct Phillips multiplier across a wide range of
parameterizations. The slope between the true and approximated ratios is 1.008 and an
R? = 0.996. Panel (B) adds the same ratio as implied by the full-information and the

kurtosis-implied Calvo approximations. The results are again very similar.

Implied survival rates. A natural skepticism around the results is that our robust statis-

tic is accurate because the calibrations we use imply the model behaves very much like a
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Ficure 3. Phillips Multiplier
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Note: The x-axis reports the Phillips multiplier (PDV(7)/PDV (y)) computed in a model with the true gener-

alized Phillips curve entry JJ'C, . The y-axis reports the same metric for various approximations of JY'¢, ..

Panel A reports the Phillips multiplier obtained using J1, .-, the micro IRF-implied generalized Phillips

mc”’

curve. Panel B shows the Phillips multiplier implied by JXXt .. (blue circles) and adds two other Calvo ap-

,mc”
proximations: the full-information approximation using J' . .- (orange triangles) and the kurtosis-implied

approximation using J3, .- (green diamonds). Each panel uses the same 113 CES calibrations with quar-

terly adjustment frequencies above 14% (observed range 15.3-79.9%). Both axes are logarithmic. Solid lines
are fitted regressions in logs, and the black dashed line denotes exact agreement.

Calvo model. This is not the case. To illustrate that, we plot our IRF-implied Calvo survival
rate and compare it with the unconditional moment 1 — frequency of price change.

The results are presented in Figure 4 If the models were close to Calvo, the ¢™*F would
recover 1 —freq, and all points would lie on top of the 45 degree line. Instead, all points fall
below the 45 degree line: the extent of price rigidity that rationalizes the Jacobian is lower
than implied by 1 — freq. This is because the selection effect implies that, for a given mass
of adjusters, prices are more flexible under the menu cost model than under the Calvo
model. Some parameterizations are close to the diagonal since the CalvoPlus model nests
the Calvo model. The vertical distance between a particular point and the 45 degree line
is a model-free measure of the selection effect.

In sum, the goodness of fit of our robust statistic is not by construction, but rather a

reflection of the information contained in the dynamic pass-throughs.
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Ficure 4. Micro IRF-implied Survival Rate and the Frequency of Price Changes
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coefficients by and b1 . The horizontal axis reports the frequency-based Calvo value, 1 —freq, where freq is the
unconditional quarterly frequency of price adjustment. Each point is one of 113 CES menu-cost calibrations
with freq > 0.14. The dashed line is the Calvo benchmark, under which the two quantities coincide.

Robustness to micro-level real rigidities. Our baseline calibration follows Golosov and
Lucas| (2007)) and Nakamura and Steinsson| (2010)) and assumes constant returns to scale,
v = 1. We now show that our robust statistic approach performs equally well with micro-
level real rigidities. Figure[5|shows the performance of our robust statistic for approximat-
ing the slope of the Phillips curve (left) or the Phillips multiplier (middle), for values of
1 — v ranging from 0 (constant returns) to 0.3 (returns to scale equal to 0.7).

Our robust statistic (in blue) tracks the true object (in black) extremely well across
calibrations of returns to scale. By contrast, the kurtosis-implied Calvo approximation
(dashed green line) deviates from the true object once we depart from constant returns.
This is because moments from the unconditional distribution of price changes cannot tell
apart strong real rigidity with large cost shocks and weak real rigidity with small cost
shocks, while they have different implications for the Phillips curve. The existing suffi-
cient statistics solve this identification problem by making structural assumptions, like

constant returns and Gaussian shocks, with the risk for model mis-specification, as exem-
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plified here.

Ficure 5. Performance of the Robust Statistic under Decreasing Returns to Scale
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multiplier (middle), and the Calvo survival rate ¢ (right). Each panel compares the true menu cost model

J Y ner with three Calvo approximations Ji ,,, . (¢), which use the IRF-implied survival rate ¢**, the full-

information survival rate ¢™, and the kurtosis-implied survival rate ¢**". The right panel has no true model
object. All other parameters are held at the Nakamura and Steinsson| (2010) calibration.

5. Extensions

5.1. Beyond CES: The Kimball Extension

Strategic complementarities change the extent to which firms want to change their prices in
the flexible price equilibrium, the incentives that firms have to pay the menu costs, altering
the extensive and intensive margins of adjustment, and the size of money non-neutralities.
In this section, we document that non-isoelastic demand curves microfounded by a Kim-
ball demand system do not affect the performance of the robust statistic.

As we have shown before, when the true DGP is Calvo, the robust statistic is exact and
inclusive of accounting for micro-level real rigidities since the pass-through at every hori-
zon is multiplicative on the flexible price equilibrium desired pass-through w. Therefore,
with strategic complementarities, the formula for w changes and depends on the supere-
lasticity of demand, but the insight that two entries of the micro IRF suffice to identify the
generalized Phillips curve remain.

Figure [p|shows the performance of our approximation when varying the superelastic-
ity of demand away from the CES case. The other parameters are fixed at the Nakamura

and Steinsson| (2010) parameterization of the menu cost model. The zero superelasticity

33



corresponds to the CES case we have discussed already. The left panel shows the slope
of the Phillips curve that the three Calvo approximations (micro IRF-implied, full infor-
mation, and kurtosis-implied) infer, as well as the true value. The middle panel shows
the same results for the Phillips multiplier. The right panel shows the virtual survival rate
inferred by the three approximation methods. Away from the CES case, the IRF-implied
approximation continues to track the true slope of the Phillips curve and Phillips multi-
plier. By contrast, the kurtosis-implied statistic overshoots for both objects and hence infers

too much monetary neutrality.

Figure 6. Performance of the Robust Statistic under Non-Isoelastic Demand Curves
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model object. All other parameters are held at the[Nakamura and Steinsson| (2010)) calibration.

5.2. Leptokurtic Shocks

A large literature has emphasized that the distribution of the idiosyncratic shocks that
move firms’ desired prices matters for monetary non-neutrality, as fat-tailed shocks weaken
the selection effect (Midrigan 2011; Karadi and Reiff|2019)). This raises two difficulties.
First, the distribution of shocks cannot be recovered from the distribution of price changes
without imposing some structure on the policy function that maps one into the other.
Second, existing sufficient statistics such as |Alvarez, Le Bihan, and Lippi (2016) and its
successors require Gaussian shocks. We now show that our method performs similarly
well when fat-tailed shocks hit firms” desired prices.

To do so, we reinstate the distinction of equations (9))-(8)) between z;;, a generic shock

affecting firms” desired price, and ¥;;, which the econometrician uses as the regressor in
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the local projection ([14]). We take z;; to follow a two-component Gaussian mixture@ Vit
remains Gaussian so that Proposition [1|applies. Holding the variance of the total innova-
tion fixed, we vary its kurtosis from 3, the Gaussian benchmark, to 9. Figure /| reports the
results. As the tails of the driving shock thicken, the true slope of the Phillips curve and the
true Phillips multiplier fall: this is the weakening of the selection effect. Our IRF-implied
statistics track the true objects at every kurtosis, with no systematic relation between the
kurtosis of the shock and the approximation error. By contrast, the kurtosis ratio-implied
Phillips curve rapidly loses informativeness as kurtosis exceeds the Gaussian benchmark.
Indeed, the kurtosis of shocks directly affects the kurtosis of price changes, so that the
kurtosis-to-frequency ratio does not pin down the policy function, and hence the degree

of non-neutrality.

Ficure 7. Performance of the Robust Statistic with Leptokurtic Shocks
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;¢ is the shock used by the econometrician to estimate the local projection ; itis Gaussian with variance
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set so that the total innovation has variance o2 and kurtosis K € {3,4,5,6,9} (details in Appendix } . The
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(left), the Phillips multiplier (middle), and the Calvo survival rate ¢ (right). Each panel compares the true
menu cost model JI'¢, » with three Calvo approximations J5 .~ (¢), which use the IRF-implied survival
rate ¢, the full-information survival rate ¢, and the kurtosis-implied survival rate ¢$**. The right panel

has no true model object. All other parameters are held at the Nakamura and Steinsson| (2010) calibration.

We next turn to the case in which Proposition([J|fails: the data are generated by the menu
cost model and the identifying shock 9;; is not Gaussian. Figure shows the failure.
As the kurtosis of the identifying shock rises above 3, the OLS local projection no longer

recovers the correct average of local responses, and the IRF-implied slope of the Phillips

18Appendix explains in detail how we build the leptokurtic shocks.
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curve and Phillips multiplier drift away from their true Values@ Appendix details
the solution: the correct estimator is an IV regression of the cumulative price change on ;4
with instrument s(v;;) where s(?) is the score of the shock’s density@ Figureevaluates
the performance of this solution numerically in two cases: the econometrician knows the
true distribution and hence the score function, or the econometrician has to estimate the
score function from the data. In both cases, the corrected slope and Phillips multiplier are

indistinguishable from their true values.

5.3. Measurement Error

Measurement error in prices is a challenge for the measurement of monetary non-neutrality
starting from unconditional micro price data. First, measurement error biases frequency
of price change measures towards one and affects higher moments of price changes as
well, crucially the kurtosis of price changes. Under classical Gaussian measurement error
that is sufficiently large with respect to the standard deviation of true prices, the measured
frequency of price changes goes to 1, and due to normality in measurement error, the kur-
tosis goes to 3. The question we answer in this section is the comparative behavior of our
statistic and the|Alvarez, Le Bihan, and Lippil (2016)) statistic under measurement error.
We introduce measurement error as an intermediate step between model simulated
data and the data that an econometrician observes. In particular, an econometrician ob-
serves pftbs = pit +me;t, where the measurement error term me;; is i.i.d and Gaussian with
standard deviation oy,¢. Since the moments the literature uses are about price changes,
then the relevant volatility of the measurement error is that of Ame;; which is equal to
V20 me. To ease the interpretation of measurement error we present it as a ratio of the
volatility of productivity shocks ¥;;, which we denote oy. For a given panel of prices
{pit}vi 1, we generate a large number of samples of measurement error of varying volatility,
from values ranging v/20,¢ /0y € [0,50%]. We generate 10%-90% confidence bands from
the set of samples to generate confidence intervals. We follow the guideline of excluding
from the computation of the kurtosis-to-frequency statistic price changes (genuine or not)

smaller than 0.1% in absolute value.

19Normality is required in the menu cost model only. Figure C.6/shows that when the data are generated
by the Calvo model, the IRF-implied statistics track their true counterparts whatever the kurtosis of the
identifying shock, as Proposition []states.

20With a Gaussian shock the score is proportional to 9;; and the IV regression is OLS.
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Figure |8 shows that measurement error does not bias the inferred slope of the Phillips

JIRF

IRE .+, or the inferred Calvo survival rate ¢'*F. The

curve from the IRF-implied statistic
robust statistic is unaffected by measurement error, an advantage due to the noisy variable
being the dependent variable in our regressions. Measurement error increases the noise
in the robust statistic, although that is not quantitatively important (the error bands in the
robust statistic are not visible in the plot).

By contrast, the effects of measurement error on the kurtosis-to-frequency statistic, and
hence on the inferred Phillips curve Jg’ mer (O°), are very different. Initially, measurement
error increases both kurtosis (there is more mass in small price changes) and frequency
which roughly offset. Little by little, measurement error decreases the kurtosis while its
effects on the frequency are monotonic. Through the lens of the sufficient statistic that

means that monetary non-neutrality decreases, which can only be rationalized in a Calvo

model with a steeper slope of the Phillips curve.

Ficure 8. Price Measurement Error and Inferred Phillips Curve Slopes
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5.4. Non-Random Walk Shocks

Random-walk shocks are appealing due to their tractability. A productivity shock that
changes the price gap today will permanently change future expected price gaps in the
absence of adjustment. Transitory shocks are different; a firm will consider the persistence
of the shock when deciding whether to act on it, changing the size of the inaction region.
Sufficient statistics in the literature use the random walk assumption, but may not be reli-
able when the DGP deviates from this assumption (Dotsey and King/2005).

Our robust statistic works well regardless of the persistence of idiosyncratic shocks.
We show that numerically by solving menu cost models with AR(1) productivity shocks
with varying persistence. Figure [9 shows that the robust statistic tracks the true slope of
the Phillips curve (left panel), the true Phillips multiplier (middle panel), and that we
recover the same virtual survival rate as the full information approach (right panel). While
we deviate from the random walk assumption in/Alvarez, Le Bihan, and Lippi (2016)), we

find that in practice the kurtosis-implied objects also track their true counterparts well.

Ficure 9. Performance of the Robust Statistic Across Shock Persistence
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Notes: This figure shows the performance of our approximation of the generalized Phillips curve as the
persistence of idiosyncratic productivity shocks varies. The idiosyncratic shock follows ¥;; = p1¥; 11 + €;¢,
with p the persistence parameter. The innovation standard deviation remains fixed. We report: the slope of
the Phillips curve J, . [0, 0] (left), the Phillips multiplier (middle), and the Calvo survival rate ¢ (right).

m,mc"
Each panel compares the true menu cost model J}/'C, . with three Calvo approximations J .- (¢), which

,m
use the IRF-implied survival rate ¢, the full-information survival rate ¢", and the kurtosis-implied survival
rate ¢*". The right panel has no true model object. All other parameters are held at the Nakamura and

Steinsson| (2010)) calibration.
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6. Conclusion

In this paper, we propose a robust statistic for monetary non-neutrality: the impact and
one-period-ahead responses of a firm’s price to an observed idiosyncratic cost shock, es-
timated by a local projection and assembled into a Phillips curve as if the economy were
Calvo.

Three results support this statistic. First, in the Calvo, Gertler-Leahy, and canonical
menu cost models, the average response of firms’ prices to their own cost shock equals
the response of the aggregate price level to a permanent nominal cost shock, so that a
firm-level regression measures the object the Phillips curve is built from. Second, the two
coefficients recover the generalized Phillips curve exactly in the Calvo, Rotemberg, and
Gertler-Leahy models, where the survival of a cost shock in firms’ price gaps is geomet-
ric. Third, in menu cost models, the two coefficients recover the average one-period-ahead
survival rate of a marginal price gap and extrapolating this survival geometrically is accu-
rate across a wide range of parameterizations. The accuracy survives decreasing returns
to scale, Kimball demand, leptokurtic shocks, measurement error in prices, and persistent
rather than random-walk shocks.

Our approach contrasts with sufficient statistics based on unconditional moments of
the distribution of price changes, which tend to quickly lose informativeness as soon as
the true data-generating process deviates from the benchmark model under which these

statistics are sufficient.
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Appendix

Appendix A. Additional Details of the Model Environments

A.1. The Loss Function from Primitives

Nominal marginal costs of firm 7 at date ¢ are

Wi (Y5
Al MCy = ———
S Ty Ay <Ait> ’
The desired price. Write the profit (2)) as revenue minus cost, R(Py;) = (P;/P:)'~°Y;
and K(Py) = %(Yt JAi)Y V(P ) Py)~¢/7. The first-order condition is
(e =1)

(A2) K(py) = =L Py,

the markup condition P} = 57 MCj; with MCj = P,K'(Y) from (A.J]). Taking logs and

7

using % —(e—=1)=1/w,
« 11— 1
(A.3) InFP;, = w(ant + TlnYt - ;lnAit> + (1 — w) In P; + const,

which is (3]) in log deviations, with mc¢; = w; + 1_771@ the nominal marginal cost of a firm

with A;; = 1 producing Y;.

Gap sufficiency and the curvature. Substituting P;; = P;;e” and using (A.2)),
-1

(A4) My (Phe™) = Ri ho(x),  hy(z) = 1797 - ’V(ST) e (/)7

where R}, = R(P}) = Y:(P};/ P;)!=¢ is frictionless revenue. Profit as a function of the log
price gap can therefore be written as R}, h(z), where h,, depends only on (¢,7) and R},
contains the dependence on firm productivity and aggregate variables. Hence the gap is a

sufficient state for the firm’s pricing problem exactly, not only to second order@A second-

211t fails under Kimball demand, where the elasticity of demand varies with the relative price so that the
shape of profit in the gap depends on the firm’s relative cost; there the reduction to a gap problem holds
only to second order.
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order expansion of (|A.4)) around z = 0 gives ({]), with curvature Cj; = (¢ — 1) R}, /w.

From (4)) to the objective (§). The curvature factors as Cj; = 5:}—11%;}, and by (A.3)) the

desired relative price is

P 1— 1
In -4 = w(ln% + —VlnYt — —lnAit> + const,
by Py ¥ Y
SO
(A.5) Cit < R}y A;:(g_l)/ﬁy X aggregate terms,

Following (Gertler and Leahy]| (2008), we keep the adjustment problem homogeneous in
productivity, and we take the menu cost to be a fixed fraction of the firm’s frictionless
revenue: menu cost;; = £ Cj; with £ a constant. Dividing the date-t objective by Cj; then
gives the per-period loss 5:17% and the menu cost {, common across firms and dates, for
any size of the shocks.

The curvature remains in the continuation value, where the ratio C; ;s /Cjt = R;t 1o/ R
weights future losses. The approximation used here is the same as in (). Consider a joint
perturbation in which the innovations to a4, mct, and P;, as well as the band half-width
T o< /¢, are all of order v. In that perturbation the gap is O(v) and the ratio C; ;4 /Cj; is
1 4+ O(v), so its variation multiplies 2> = O(v?) and is O(v3), the order already dropped
in @)@ The household’s stochastic discount factor is replaced by 3¢ for the same reason.

The normalized problem is the canonical menu cost problem: a quadratic loss %:czzt,
an adjustment cost equal to either 0 or the common menu cost {, and i.i.d. innovations

w(e;, + €;¢) to the desired price. The canonical menu cost results used below therefore

apply up to terms of order v3.

A.2. The Gertler-Leahy Economy

This section restates the parts of Gertler and Leahy] (2008) needed for Proposition 3in the

notation of Section 2.1l We maintain the language of the original reference, referring to the

2This is the term that Gertler and Leahy] (2008)’s Proposition 1 shows to be independent of the current
price to second order.
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large idiosyncratic shock type as turbulence. @

A.21. Assumptions and the Firm’s Problem

Primitives. A firm is hit by turbulence with probability 1 — 7 per period and, indepen-
dently, draws a free adjustment opportunity with probability A, both i.i.d.; write ny = (1 —
A)n for the probability that neither occurs. Atahit z;; = z; ;1 +¢, withwe}, ~ U[—¢/2,¢/2]
(so that ¢ is the support width of the turbulence shock in desired-price units), otherwise
2zt = 2 1—1. The firm’s desired price is ([7)). Changing a price costs the menu cost £ (zero at
a free draw). Following GL, a firm knows when it is hit but, to learn the value of the draw
and to reconsider its price, it must first pay a small decision cost d; a firm that does not pay
it keeps its price. A free adjustment opportunity waives both ¢ and d: the firm observes its
state and resets at no cost. GL's assumptions are:
(A1) themenu cost ¢ is second order, so that the band half-width 7 = O(1/€) is first order;
(A2) innovations to mc;, Py and 9;; are first-order small: ¢;; has bounded support, and
the cumulative movement of the non-turbulence part of the desired price, w(mc; +
Yit) + (1 — w) P, over any k(m) consecutive periods is bounded by m for every

(m)

realization, where k(m) is the least integer with n]; < ¢m for a constant ¢ > 0;
(A3) ¢ >4z +2m;
(A4) the decision cost d lies in the range for which paying it is optimal after a hit and not

after a period with neither a hit nor a free draw.

A.2.2. Characterization of the Optimal Policy

Policy function. By (A4), a firm reconsiders its price only when it is hit or receives a
free adjustment opportunity; (Al)—(A3) make the range in (A4) nonempty, since the gain
from reconsidering without a hit is of order m(2z 4+ m) while the gain after a hit is of order
§2-

Under (Al)-(A4), GL's Proposition 1 states that the expected value of an optimal pol-
icy after the next hit is independent of the firm’s current gap to second order (the same

holds after a free draw, which resets the gap); so that in choosing its price the firm only

23Compared to Gertler and Leahy] (2008), (i) we add the free adjustment probability A of (MC), (ii) we
drop the entry—exit process; (iii) the real rigidity is generated by decreasing returns as opposed to island-
specific labor markets.
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takes into account the states in which neither a further hit nor a free draw has occurred,
weighted by () 3)®. With the quadratic loss, the value of a firm that has just reset to p at

date ¢ is, up to terms independent of p and third-order terms,

BB (0 pia)’
(A.6) 520

p;ﬁ,t+s = w(mctys + zjt + VU t45) + (1 — w) Prys along the no-hit path.

The first-order condition E; ) . (n)\5)*(p — pzt 1) = 0 gives the reset price

(A7) PR = wzi + (L= mB)Er Y _(mB)*[w(merys + Vigrs) + (1 — w)Prys],
s>0

which is (27)). Since zj; is frozen along the no-hit path it enters with coefficient w; with a
random-walk shifter, E+0; 1 = 0y and pii" = w(zj14+0¢)+(1—nxB)Et D5 () B)*[wmet s+
(1 — w)Pyys). In the zero-inflation stationary state mc and P are constant, so pj,*" = pj:
the firm resets to its current desired price, and the reset gap is zero.

The inaction band. Write the value (A.6) as a function of the gap y between the firm's
1

price and the reset price (A.7)); it equals —3 y?/(1 — nyf) plus terms independent of .

Value matching equates the value of keeping a price with gap y to the value of resetting

net of the menu cost, % y?/(1 —n\B) = &, so the firm adjusts if and only if |y|> z with

(A.8) =21 -mp)E,

an expression analogous to Gertler and Leahy (2008)@

Two remarks on what the band is a statement about. First, it is a band on the gap to
the reset price, y = p;;—1 — piF", not on the gap x;; = p;z — p;; to the flexible-price de-
sired price of Section 2.1} reconsidering means comparing the current price with the price
the firm would set, and by GL's Proposition 1 that comparison depends on y alone. The
two gaps coincide in the zero-inflation stationary state, where pii*V = pJ,, and after an
unanticipated permanent shift of the desired price with the price level held fixed, since

24For A = 0 and a menu cost b in output units, Gertler and Leahy| (2008)’s band is % = 2(1 — 1) b/((e —
1)Y); here b = £C with C = (¢ — 1)Y /w at the symmetric steady state P* = P, so 72 = 2(1 — ) wb/((e —
1)Y): for the same output-unit menu cost the band is narrower than GL's by /w, because decreasing returns
steepen the firm’s profit in its own price whereas GL's island labor market does not.
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the problem is stationary again from the shock date on. They differ along anticipated ag-
gregate paths, where the reset price is forward-looking. Second, the band is not just a
steady-state object: its half-width (A.8]) is constant along every aggregate path admissible
under (A2), because the coefficient 1/(1 — ) ) of the quadratic value does not depend on
the state. What moves with the aggregate path is the center of the band, the reset price.
The drift in the reset price between two hits is bounded by m and (A2)-(A3) keep the

band strictly inside the support of the turbulence draw along every such path.

A.3. Generalized Menu Cost

This subsection allows the menu cost &;; to be drawn each period from a distribution H
with continuous density, independently across firms and time. The canonical model of Sec-
tion corresponds instead to the two-point distribution &;; € {0,¢}. Let W (y) denote
the value of carrying a gap of y into the next period without adjusting (Appendix[B.4.1)); a
firm adjusts whenever the gain from resetting exceeds the realized cost, &;; < W (y)—W (0),

so the adjustment probability is the smooth function
Aly) = H(W(y) = W(0)),

even and increasing in |y| since W is, in place of the hard band [—z, z] of the canoni-
cal model. The on-impact pass-through by and ¢™ admit closed-form extensions to this

model.

Policy function. The firm adjusts with probability A(y) given its pre-adjustment gap .
The frequency of price adjustments is freq = [ A(z) g(z) dx, where g(x) represents the
stationary density of price gaps. A fraction A(y) of firms at each gap y, reset to 2* = 0, and

non-adjusters retain their gap with density g (1 — A).

On-impact pass-through. By Proposition|ljand Appendix

(A9) b = [Jpgel]ow =w [freq + / yA'(y) 9(y) dy] ,

which nests (31]) when A’ reduces to point masses of (1 — \) at £7. As in the canonical

model, b5M< exceeds w times the frequency. The shock induces adjustment at every gap
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level, with marginal mass proportional to A’(y), and each marginal adjuster contributes

its full price change rather than the displacement that moves it into adjustment.

Term structure of the pass-through matrix. In the generalized model, (33)) becomes an
intensive-margin component plus a continuum of extensive-margin components indexed

by the gap level z:

(A.10) TP = / 0e() Tpope (B€(x)) dax + 05 TP (D), / 0c(x) dx + 0; = 1,

Here ®¢(z) is the survival function associated with the extensive response at gap =, while

' is the intensive-margin survival functionﬁ Applying Lemmato write bjMC = w[JpYE1 ],
h .
(A.11) BMC =MD "D, 0y = /me(x) ¢ (7) dv + m; D,
s=0

withweights me(z) = A (2)g(x)z/ (bM< /w) and m; = freq /(bM< /w), satisfying [ me(z) du+

m; = 1, which reduce to the weights m. and m; in the canonical model.

Identification from the term structure. As in the canonical model, (A.11]) identifies the

average survival function horizon by horizon, (6™ —bMS) /66MC = @, for h > 1, of which

PRECMC g the one-period-ahead value:

GMC

b _
(A.12) PRECME — béMC — 1=,

as in (34)).
Whether the geometric extrapolation of ¢'*F“MC to later horizons remains as accurate
as in the canonical case, and a formal error bound analogous to Proposition 4 are left for

future work.

B9e(r) = E3(x)/x is now indexed by the gap level z, and ®. = E*(0) is, as before, a single intensive-
margin survival function. The weights

0c(z) = N (2) g(v) x Z ¢ (2), 0; = freq Z DL,

s>0 s>0

generalize gc, o; of (B3): mass 2(1 — \)g(Z)z concentrated at the single edge 7 is replaced by a density
N (z)g(z)x spread over every gap level z.
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A.4. General Equilibrium Structure

We solve and simulate a wide range of New Keynesian models whose linearized aggre-
gate block consists of a monetary policy rule, an intertemporal IS curve and a generalized
Phillips curve. Let 7 denote the inflation sequence, y the sequence of log deviations of
output from its flexible-price level, i the nominal interest rate and ¢ the monetary-policy

disturbance. The monetary policy rule is

i:wﬂﬂ-—'—C?

with ¢ the inflation coefficient. The IS curve is

3 1 . ) B 1 )
y:_a_([_F) 1(1—F7‘r), ie. ytZ—U—Z(Zt+s_7rt+s+l)>
c 0520

with o, the inverse intertemporal elasticity of substitution, where (I — F)~! is the upper-
triangular matrix of ones and F (I — F)~! its strictly upper-triangular part. The generalized

Phillips curve is
T = J e me’, mc = vy, so that T = J;’Zg y, J;:?,g =X rmers

with x the elasticity of real marginal cost to output. When the Phillips curve is assembled
from the IRF statistics, .J2,, - is replaced by JXF . = k%0 3, equation (7).

m,mc’

The monetary-policy disturbance is an AR(1) impulse of size ¢y and persistence p,

C:CO(17p<7pga"')lv

truncated at the horizon of the sequence.
Substituting the rule into the IS curve and the result into the Phillips curve gives a

linear system for inflation,

1 m -1 _ 1 m -1
I+O__CJ7T,§(]_F) (%[—F)W——U—CJW,gU—F) ¢,

which we solve by inverting the bracket on the truncated system. Given 7, the output and

nominal-rate IRFs follow from the IS curve and the monetary policy rule.
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Appendix B. Proofs of the Theoretical Results

B.1. Calvo
B.1.1. Proof of Lemma

Proor. (i) O(a)l = (1 — fa)™ 1 and [Y(a)1];, = 27]}:0 o = (1 —al)/(1 = a). (i)
Write ¢ = (1 a)(l fa)and J = J]g’p*(a). Since(I —J) 'J=UJ'=Nland J! =
c1o(a) ()™ =1 (I = BaF)(I — aL), using FL = I,

J T =1+ 8a? - )] —aL — BaF] = %[(1+6)I—L—6F] - %(I—BF)(I—L),

where the second equality uses 1 + ﬂoz —(1—=a)(1l—pa)=a(l+ 6) and the third again
uses F'L = I. Inverting gives (I — J)~1J = (¢/a)(I — L) L(1r - pF)~1, and premultiplying
by (I — L) gives (I — L)(I — J)"1J = (c/a)(] — BF)~1 = k(a)Op. O

B.2. Rotemberg

This section adds a third adjustment technology to the environment of Section the
convex adjustment cost of Rotemberg| (1982), and shows that the IRF statistics are exact
there as well. Model (R) keeps the firms, the desired price (7)) and the idiosyncratic shocks
of (C): ¢;t and €, can have any distribution with the moments stated in Section The
adjustment technology differs. There is no menu cost and no free draw; instead, changing
. v 2 . . . .
the price by p;; —p; ;1 costs 5 (pit —pit—1)~ per period in the curvature units of Appendix
withv > 0a constant@ Every price changes every period, so freq = 1.

The firm’s problem. The firm chooses {p;;} to minimize

Lo v 2
(B.1) Eg ) p' b%& + oWt —pig-1)"] it =it~ Dit-
>0

The problem is linear-quadratic, so certainty equivalence holds and the first-order condi-

14
26 As with the menu cost, taking the adjustment cost proportional to frictionless revenue, 501-,5 (pit —

pi7t,1)2, makes v constant across firms and dates once the objective is divided by Cj;.
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tion is

(B.2) zit +v|(pit — Pit—1) — BE(pig41 —pit)| = 0.

Lemma B.1 (Rotemberg policy). Let ar € (0, 1) be the smaller root of
9 1

(B.3) Ba —(1+6+;)a+1=0.

Then 1/v = k(ar), with k() = (1 — a)(1 — Ba) /o as in Lemmall} and the bounded solution of
B2 is

(B4) pir = arpis1+(1—ar)(1—Bar) Bt S (Bar)plyyse  or  pi=JS, . (ar) P,
s>0

with Jlgp*(a) = (1 - a)(1 = pa)Y(«a)O(«) the Calvo desired-price pass-through of (24)).
Prook. Substituting z;; = p;; — p;, into (B.2)) and dividing by v,

1 1
(B.5) OEwipr1 — (1 + B+ —)pit +pig1=—— Dit-

The characteristic polynomial Sa?—(1+3+1/v)a+1equals 1ata = 0and —1/v < Oata = 1,
so it has a root ar € (0, 1); the product of the roots is 1/, so the other root is 1/(Sag) > 1.
Evaluating (B.3) at ag and dividing by ag gives 1/v = (1 — ag)(1 — far)/ar = k(agr), and
also 1+ 8+ 1/v = pagr + 1/ag. With the latter, (B.5) factors as

1 1
B(Etpit+1 — arpit) — — (Pit — ORPi1—1) = —— Diy-
QR 14

QR . .
Let u;; = pit — arp; ¢—1. Then u;; = Bag Eyu; 411 + — pjy, whose unique bounded solution
) ) V
is

QR
Uit = =~ E: Z(ﬁaR)SPzHS;
s>0

the explosive root is excluded by boundedness. Since ag/v = ark(ar) = (1 — ar)(1l —

Bor), this is (B.4)). In sequence space, E; ), (8ar)*p] 4, o = [O(ar)p; |1, and inverting p; —
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QRPjt—1 = (1 — OéR)(l — BO&R)[@(QR)pﬂt with T(OéR) = ([ — O./RL)_l gives

pi = (1 — ag)(1 — Bar) Y(ar)O(ar) p; = Jp ,«(ar) P},

the map (24)) with ag in place of a. O

The price of a Rotemberg firm is thus the Calvo expected price (23)) with ag in place of «,
firm by firm and not only in expectation: the reset formula ©(ag) and the survival weights

T (agr) arise here from the two roots of the Euler equation, not from an adjustment lottery.

ProrositioN B.1 (Rotemberg). In the (R) economy,

i) The desired-price pass-through Jacobian is Calvo: J% ., = JC ag), and hence JX . =
p p g P, T,mc

J%mcr(oqg) = wk(ar)Og = %@5, the New Keyr];eszan Phillips curve my = %mcg +
PEiT11

(if) Proposition ! 1| holds for any distribution of e;;, and the IRF statistics are exact: by = w(1 —
aﬁ“); HRFR = o and JIRF IZT _ HIRF,R@B _ JR e

(iii) The frequency of price changes is one, so 1 —freq = 0 while p™FR = ag € (0, 1): the frequency
carries no information about the Phillips curve, and the Calvo slope built from it, wr(1—freq),

is unbounded.

Proor. (i) Integrating (B.4) across firms, the idiosyncratic components of p; wash out as
in Section soP = J]%m*(aR)[wmc + (1 — w)P] and J]%’p* = J}%’p* (ar). Lemma (ii)
then gives J7I§ mer = wk(ar)Og, and k(ar) = 1/v by Lemma

(ii) Fix a firm, its predetermined state S and the other draws D. By (B.4)) the price
path is affine in the path of desired prices, and under the random walk a shift § in €;
raises p;, . by wd for every s > 0 and nothing else; hence the cumulative price change
fn(€ir; S, D) is affine in €;; with slope w[Jlg’p*(aR)l]h, which does not depend on (5, D).
Case (ii) of Lemma [B.4 therefore applies for any distribution of ¢;;, and with Lemma
by = wlJp o o)1), = w(l — ol th by Lemma () Propositionlthen applies verbatim

with a = ag: ¢RFR = ag and JRR, = xIRF ROp = wk(ar)Og =

T,mc" =k 7r ,mc’*

(iii) Under a convex cost the optimal price moves whenever the desired price does, so
every price changes every period and freq = 1. Since x(«) — 0o as a — 0, the Calvo slope

evaluated at 1 — freq = 0 is unbounded. O

The result is analogous to Proposition 3| with ag in place of 1), for the through a dif-
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ferent mechanism. In (GL) the shock dissipates from the expected price gap at a geomet-
ric rate because reconsideration is a lottery that does not depend on the gap. In (R) the
shock dissipates from the gap at a geometric rate because every firm closes a constant frac-
tion 1 — ar of its distance to the forward-looking target each period; there is no selection,
and ¢FR js a pure measure of the survival of the price gap. In both models the statistic
identifies the decay of the shock in price gaps, while the frequency of price changes is

uninformative: below the relevant hazard in (GL), and equal to one in (R).

B.3. Gertler-Leahy
B.3.1. Selection

Remember that the relevant gap is the one to the reset price, y, on which the band of
Appendix is defined. For a firm hit at ¢, this gap is:

(B.6) Yit = Dig—1 — Dip " = [(pi,t—l —wzip1) — (P —wzy) | — wely,

where, by (27)), pi*" —wz;; does not depend on the current draw. Since z is frozen between
hits, the bracket is the gap the firm had after its last hit, in [, Z], plus the drift of p"*W —wz
since then, bounded by m under (A2) for every firm whose last hit is within k(m) periods,
a set of mass at least 1 — ¢m; so it is at most Z + m in absolute value for those firms, and the
complement contributes a second-order error to Lemma which therefore holds to the
order of the approximation. Since we}, is uniform on a support of half-width ¢/2 > 2z +m

by (A3), y;; is uniform on an interval of width ¢ that contains |-z, Z|.

Lemma B.2 (Selection). Conditional on a hit at t, on the aggregate and shifter paths, and on the
firm’s history: (i) a firm without a free draw adjusts with probability 1 — 2% /<, and one with a free
draw with certainty; (ii) E[p;; | hit] = E[piS" | hit], the expectation being over the turbulence

draw.

Proor. (i) A firm without a free draw keeps its price if y;; € [—7, Z], an event of probability
2z /¢ under the uniform distribution; a free draw makes adjustment costless. (ii) If the firm

adjusts, freely or because its gap is outside the band, p;; — pi*™"

= 0;if not, pjs — P = it
with |y;|< 2. Hence E[p;; — pieW | hit] = (1 — A) E[yie1{|yir|< T} = 1 =N ¢ [Z ydy =

0. ]

53



Uniformity makes the conditional density of non-adjusters flat, and symmetry of the band
puts the reset price at its midpoint; both are needed. With a non-uniform shock the trun-

cated mass would tilt toward one edge and the conditional mean would miss p;}*".

B.3.2. The Calvo Law of Expected Prices and Proof of Proposition

The selection property (29)) is Lemma [B.2|(ii). The Calvo law (30]). Take expectations over
the whole adjustment process (hits, free draws and turbulence draws), conditional on the
paths of mec, P and ¥;. Partition firms at ¢ into free adjusters (mass \), whose price is the
reset price; firms without a free draw that are hit (mass (1 — X\)(1 — 1)), whose expected
price is the expected reset price by Lemma [B.2)(ii); and the rest (mass 7)), which keep
their price, p;; = p; —1. The expectation of the reset price over the turbulence history is
ﬁl-rl}ew, equation (28)), because turbulence draws are mean zero, and the event “neither hit
nor free” is independent of the firm’s history, so the expected price of the third group is
pit—1- Hence
(B.7) Pit = Mx Dig—1 + (L= m\) i
which is (30]).

Proposition 3, macro. By the law of large numbers across firms, P; = [ pi di = [ pj di,

and since [ z;; di = [ ¥ di = 0, integrating (B.7]) across firms gives

(B.8) Pr=m\ P+ (L=n)(L=mB) D _(mB)° [wmerss + (1 — w)Prys].
s>0

In sequence form P = (1 — )Y (ny)(1 — 1)\8)O(ny)[wme + (1 — w)P] = Jp (1)) [wme +
(1 — w)P], so the desired-price pass-through is J]Cj;)* = J%,’p* (ny) and JIC;;,’Lm .= wJ]%,p*(n)\).
By Lemma(ii), I = wi())Op, ie.m = w(ny)mey + 1 with r(ny) = (1-ny)(1—
mAB) /-

Proposition[3} micro. By LemmaB.2, which holds for every realization of the shifter path
under (A2)-(A3), the conditional expectation of p; ;,, given the shifter path is obtained

by iterating (B.7)) and is linear in that path. With a random walk, Op; i/ O€ir = wfor j >0
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by (28), so

O h o
(B.9) e —w(l=m) oy =w@ =gt = w[JE e ()],
1 j:O

and by linearity the regression coefficient equals this derivative, b = w(1 — ni\LH). Then

PRECL = by fby — 1= (1—n3) /(1 —ny) — 1 =n).

Frequency. A firm changes its price if and only if it draws a free adjustment, or is hit
without one and adjusts: freq = A+(1—X)(1—n)(1—2z/<) by LemmaB.2(i), and 1 —freq =
A+ (1= X1 —n)2z/c > ny. O

B.4. Menu Cost

Throughout this subsection we work in model (MC) and write ¢'), x'*F, and by, for pRFMC,

KIREMC and pYC.

B.4.1. The Optimal Policy and the Stationary Distribution

This subsection derives the S's form of the policy stated in Section 2.1} for the normalized
problem of Appendix In gap units the firm’s state at the start of a period is its pre-
adjustment gap y = x_ —v: the gap carried from the previous period, x_, once the desired
price has moved by the innovation v = w(e}, + ¢;;) and before any adjustment, where
v is ii.d. with a density f that is symmetric and single-peaked; the menu cost draw is
&ir € {0,¢} with Pr(&;; = 0) = ), and ¢ is the normalized menu cost of Appendix
Let V (y) be the expected discounted loss of a firm with pre-adjustment gap y, before the

menu-cost draw, and

(B.10) W(z) = =% + BE/[V(z — )]

E
2
the value of ending the period with gap z. The firm’s problem is

(B.11) V(y) = A min W(z) + (1 - \) min {W(y), &+ min W(x)}

: with a free draw the firm chooses the best gap; otherwise it keeps y or pays ¢ and chooses

the best gap.
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(i) Reset gap. The right-hand side of (B.11)) maps even functions into even functions
when f is symmetric, since the static loss is even and E,/V (z — ¢') = E,,V(—z — ') for
even V;so V and W are even and the set of minimizers of W is symmetric. Auclert et al.
(2024)) show that for single-peaked f the minimizer is unique, hence z* = 0: the reset gap
is zero, and a firm that adjusts sets its price at the desired price.

(if) Band. A firm without a free draw adjusts if and only if W (y) — W (0) > &. Since W is
even and increasing in |y| (single-peakedness of f propagates through the expectation),

the adjustment region is |y|> z, with the half-width defined by value matching,
(B.12) W(z) =w(0) = ¢

so the inaction region is the symmetric band [—z, Z|; in discrete time there is no smooth-
pasting condition. Near zero, W (y) — W(0) = %cy2, so a second-order menu cost implies
a first-order band, 7 = O(\/€).

(iii) Stationary distribution and frequency. The post-adjustment gap is 0 for a firm that
adjusts and y for one that does not, and the next pre-adjustment gap is the post-adjustment
gap minus the next innovation. Writing 1 for the stationary law of the post-adjustment gap
and g for the stationary density of the pre-adjustment gap,

B.13) )
z

(
o) = [ Fu-)ulde). p=freadot(1-Ngl g, feq=1-(1-3) [ gw)dy

—I
: 1t has an atom at the reset point and a density on the band, and g is a density (a convolu-

tion with f), as smooth as f. Written out, since ;« has mass freq at zero and density (1—\)g

on the band, the first equation in ([B.13)) is the integral equation

(B.14) gly) = freq f(5) + (1= [ fly— ) glx) .

The atom at zero will matter for the cross-sectional law used in Appendix while con-
volution with f makes g smooth. Existence and uniqueness of (y, g) follow from the rein-
jection at zero, which makes the transition kernel a mixture with a fixed component, as
Auclert et al.| (2024]) show.

(iv) Smooth hazard. With a menu cost drawn from a continuous distribution H, the firm
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adjusts if and only if £;; < W (y) — W(0), so the adjustment probability given the gap is
(B.15) Aly) = H(W (y) — W(0)),

even, increasing in |y|, and as smooth as H and W; the CalvoPlus case is H = A\dp+(1—\)d,
for which A(y) = A + (1 — N)1{|y|> z}, and (B.13]) holds with [ A dg in place of the band

integral.

B.4.2. Impact Entry of the Pass-Through Matrix

This subsection computes the first entry of the desired-price pass-through matrix, [/ MJC?* 1]p:
the date-¢ response of the price level to a permanent unit shift of every firm’s desired price
from date ¢ on, with the price level held fixed as in ([11]), evaluated at the stationary cross-
section. Lety = x; ;1 —v;; be the pre-adjustment gap, with stationary density g (equation
(B.13))), and raise every desired price by ¢ from date ¢ on. With the price level fixed, the
shift leaves the normalized problem of Appendix unchanged: the reset gap remains
z* = 0, so an adjuster sets its price at the shifted desired price, and the band [z, 7] is
the same. Its only effect is to lower every pre-adjustment gap by ¢, from y toy — 6. A firm
adjusts if it draws a free adjustment (probability \) or if |y — |> Z, and its price change
is then —(y — 0); otherwise its price change is zero. The average price change at date ¢ is

therefore

B16)  Ap®) =N -8 owdy— (13 [ (y-5)g)dy
ly—d|>z

and [J_%[]CD*I]O is its derivative at § = 0, since the pre-shift price level does not depend
on 0. Differentiating (B.16]) (Leibniz’s rule, g being continuous) gives two terms. On the
adjustment region the price change moves one for one with ¢, which contributes the mass
of adjusters, A + (1 — A) f|y|> - 9(y)dy = freq. At the edges of the band the adjustment
decision itself changes: firms with y € (z, z + 0], of mass (1 — \)g(Z)J, are pulled inside the
band and forgo a price change of —z, and firms withy € (—z, —z+4], of mass (1-\)g(—z7)J,
are pushed outside and change their price by +; each group contributes +z per unit of

mass. Hence

(B.17) [J%g*l]o =freq+ (1 -\ Z[g(Z) + g(—2)] = freq +2(1 — \) 9(7) ,
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using the symmetry of g. The first term is the intensive margin and the second the exten-
sive margin. With a continuous menu-cost distribution and adjustment probability A(y),
equation (B.I5)), averaging over the menu-cost draw gives an expected price change of
—yA(y) for a firm with pre-adjustment gap y, and —(y — §)A(y — ) after the shift, so that
Api(6) = — [(y — 6)A(y — §)g(y) dy and, differentiating under the integral sign,

B18) (5110 = [ [Al)+uN()laty) dy = freq + [ yA'(5)g(y) d

which nests (B.17])) when A’ reduces to point masses of +(1—\)aty = zand —(1—\) aty =
—Z. Proposition gives by = w[J M€ 1]p, equation (B1]). This is the index of macroeconomic
flexibility of (Caballero and Engel (2007).

Horizon-1 entry. Write v = w(€}, + ¢;;) for the desired-price innovation, with density f:
symmetric and single-peaked as in Appendix but not Gaussian, since only ¢;; is (the
convolution of the symmetric single-peaked law of ¢}, with a Gaussian is symmetric and

single-peaked). Only the symmetry and continuity of f are used below. Let
(B.19) m(z) = —Ey[(x —v) A(z —v)]

be the expected price change next period of a firm that carries the post-adjustment gap
x into the period: it adjusts with probability A(x — v) and then closes the gap = — v. In
the notation of the footnote to (33)), m(x) = E'(z) — z, so the one-period virtual survival
values are ¢ = FX(z)/z = 1+ m(z)/z and &} = EV(0) = 1+ m/(0). Since f is symmetric
and A even, mis odd, m(0) = 0,and m(Z) < 0: a firm at the upper edge of the band expects

to lower its price. Its derivative is
(B20) —m/(z)=A1(2) + (1 =N Z[f(z —2)+ flz +7)], A (z) = Ey[A(x — )],

the firm-level impact response to a displacement of its gap: its probability of adjusting next
period, Aj(x), plus the extensive margin generated by its own next-period gap density

f(- — x) at the edges of the band. Averaging (B.20)) over the stationary post-adjustment

law  of (B.13)) and using g(y) = [ f(y — z) u(dzx) recovers (BI7): [(—m’) du = freq+ (1 —
ANzlg(z) + g(—2)].
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Consider the shifted cross-section of date ¢. The post-adjustment law under the shift,
s, has an atom at zero of mass freq(6) = A + (1 — A) Pr(Jy — d|> 7) and, on the band,
the density (1 — X\)g(z + ¢) of the non-adjusters, whose gap has been displaced by —d; by
the symmetry of g, freq’ (0) = (1 — \)[g(—Z) — g(z)] = 0, so to first order the shift only
reshapes the band density, 55 = (1 — A\)¢'(z) dz on [—Z, Z]. The desired price is at its
shifted level from ¢ on and the problem is stationary again, so the average price change
att + 1lis ['m(x)ps(dz), and its derivative at § = 0 is the increment of the pass-through
between the two dates:

ST~ Sl = (1= ) [ mla)g'(0) do

(B.21) -7 ]

xT

=201 - Ngla)m(a) + (1= A) [ [~ @) glo)dr

—Z

by integration by parts, m being odd and g even. Substitute (B.20)) and use, with F;,(z) =

Pr(Jv|< z) and the convolution identity for g,

(1—=2X) /x A1(x) g(x) dv = Pr(keep at t, adjustatt + 1) = freq (1 — \) F,(7),
(-3 [ 7% ) gla) do = g(47) — freq f (7).

—X

so that
(TPl = [JEp 100 + freq(1 =) Fu(z) +2(1 — \)Z[g(7) — freq f(7)]
(B 22) intensive rr:grgin att+1 extensive r;grgin ati+1

- 2(1 —A) g(z) [m(z)|

(. J/

unwinding of the date-t extensive margin

At t + 1, the response comes from date-t non-adjusters and from the firms that were
marginal at the date-t thresholds. Date-t adjusters start from gap zero relative to the shifted
desired price and therefore behave as in the steady state, contributing nothing further.
Date-t non-adjusters carry a gap displaced by —¢ and generate a new impact response
at t + 1: their adjustment probability gives the intensive term, while Z times their mass
at the band edges gives the extensive term. Their contribution to the density at +7 is

g(z) — freqf(z), where the second term is the part generated by the atom at zero. The
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extensive-margin contribution at ¢ + 1 is therefore smaller than at ¢.

The firms that were marginal at date ¢ generate an additional unwinding term. The
firm pulled inside the band at +z expects a price change m(z) < 0 rather than zero, while
the firm pushed out at —z was reset to zero rather than carrying the expected change
m(—z) > 0. These terms offset part of the date-¢ extensive response. Hence, in the two-
margin representation (33)), the survival function associated with the extensive margin is
virtual.

Equation (B.22)) is the two-margin representation at horizon one. With the virtual sur-
vival functions of the footnote to (33)), ®. = E¥(0) and ®¢ = E*(%)/z, and since E'(z) =
x4+ m(z) (the expected gap next period is the current gap plus the expected price change,
the innovation having mean zero),

m(z)

(B.23) L =14+m'0)=1—-NFyz)—201 =Nz f(z), PBf=1+ —

and regrouping the terms of (B.22)) with the help of (B.17)),
(B.24) [TpS1]1 = freq (14 @) +2(1 = \) g(z) Z (1 + @9),

which is Lemma [2| applied to (83) at h = 1, i.e. (B4) with b1/w = (bp/w)(1 + ®1). Two
remarks. First, ®} is not the plain one-period survival probability (1 — \) F,,(Z) of a freshly
reset price: it carries the firm-level extensive correction —2(1 — \)Z f(z), because the in-
tensive component of the representation is the derivative of the expected gap at the reset
point, and that derivative includes the mass of freshly reset firms that the next innovation
places at the edge of the band. Equations (B.22)) and (B.24)) are algebraically equivalent
decompositions of the same response. Second, in primitives the statistic of Proposition [4]

is

&I

1

?

b _ freq @’ +2(1 — \) g(Z)
IRF _ Y1 4 _ = 911 g
(B.25) O = T T T eq 20— N g ()

&I

with ! and ®¢ given by (B.23). The extensive component decays faster in the benchmark
calibration, ¢ < ®¢. The same recursion holds at every horizon, [J%]C?* 1], — [Jll\é;* 1,1 =
freq @ﬁl +2(1 — A)g(7)z f. Section extrapolates from (bg, by).
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Comparison with 1 —freq: selection versus the hazard. Section[3.3.3states that ¢'*F = &;
falls short of 1 — freq, the survival probability of a price spell. The closed forms above
characterize the difference between ¢™ and 1 — freq. Let ¢(z) = Pry(|]z — v|> Z) be the
probability that a firm carrying the post-adjustment gap x into the next period is pushed
out of the band, so that Aj(z) = XA + (1 — A\)g(z). Since f is symmetric and decreasing on
R4, ¢ is even and increasing in |z|: the threshold firm is the most exposed to exit, the reset

firm the least. Averaging A over the post-adjustment law 1 of (B.13)) gives the frequency,
freq = A+ (1 —X) [ qdp, and Fy(z) = 1 — ¢(0). By (B25),

(B.26) [JP5 1]y [¢""—(1—freq)] = freq [®] —(1—freq)]+2(1-\) g(2)  [®] —(1—freq)],

so ¢!RF — (1 — freq) has the sign of a weighted sum of the two component gaps, weighted
by the intensive and extensive masses of ([B.17)).

The extensive component is always below 1—freq. From (B.23)), 1 —®{ = |m(Z)|/z. Splitting
the expectation in m(z) according to whether the innovation pushes the threshold firm out
of the band (v < 0 or v > 27) or leaves it inside, and using the symmetry of f,

11—\ (%

1—(13‘13:)\+(1—)\)q(i)—|—? v f(v)dv,
(B.27) 0

hence Pf — (1 —freq) = —(1— ) [q(i’) - /qd,u%—é/ohvf(v) dv} < 0.

The first term reflects the higher exit probability at the threshold, while the second cap-
tures mean reversion conditional on remaining inside the band; both are nonnegative.
Since ¢(z) > Pr(v < 0) = %, also @ < (1 — A)/2: a marginal gap at the threshold loses
more than half of itself in one period, whatever the innovation density.

The intensive component can be on either side. From (|B.23)), CID'i =(1-XN[1—-¢q(0)]—-2(1-
NZf(Z),so

B28) ¥ (1-feq)=(1- N [adu-al0) - 20/0)
N——
" reset-point selection

increasing hazard

The first term is positive because a freshly reset price at gap zero exits less often than the

average price. The second term captures reset-point selection: among freshly reset firms, a
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mass 27 f () is placed at the band edges by the next innovation. Their relative magnitude
depends on the width of the band relative to the innovation dispersion. For narrow and
medium bands, the second term dominates and ! < 1 — freq; for sufficiently wide bands,
the first term dominates and <I>Zi > 1 — freq.

Sufficient conditions. Write H = (1 — \)[[ qdp — q(0)] = (1 = N)? [*_[g(z) — ¢(0)]g(x) dz

T

for the hazard term and w = 2(1 — \)g(z)Z for the extensive mass. Then H < w: for |z|< Z,
q(z) — q(0) = Ix'[f(rv —s) = f(Z+9)]ds < f&ﬂ f(z —s)ds < & f(z — |z|), because f is

decreasing on R, so that

<=0 [ j -l glo)dr =201 - / @ —1)g

<2(1-\?z _I f(@—2x)g(z)de <2(1 —N)zg(ZT) = w,

the last step by the convolution identity ¢(z) = freqf(z) + ( f f(z — x)g(x) du.
Substituting (B.27]) and (B.28)) into (B.26]), with 2(1 — \)z f(z ) =w f(z)/9(x),

[J%[g*l]o [#™F — (1 — freq)] = freq H — freqw *—— f( ) _ w1l — ] — freq]

g\r
< w{freq[ gég —(1- ﬁ)}

(B.29)

Therefore ¢'*F < 1 — freq whenever either
(a) reset-point selection dominates the hazard, 2z f(z) > [ ¢gdu — ¢(0): then both compo-
nent gaps are nonpositive by (B.27)-(B.2§)), and gbIRF < 1—freq as a weighted average;
or
(b) freq 2 — f(2)/9(z)] < 1 — ®f, by (B.29); since 1 — & > (1 + \)/2 by and
f(x)/g(x) > 0, this holds in particular whenever freq < (1 + \)/4.

Consistency with the pass-through mixture (33). Equation (B.24) was already identi-
fied above as Lemma [2]applied to (33)) at & = 1; the same argument, run once for general
h, recovers both closed forms of this subsection together. Lemma [2| gives [JIT%* (®%)1], =
Sh o ok S50 ®F for k € {e, i}, so that

S @6

= 0¢ Zs OCI)Z
Zs>0 q)e

ZSZO CI)Z .

[7Epe 11

+ 0

62



Since EV(z) = =, of = @6 = 1, and the mixture weights oo = 2(1 — \)g(z)z Y, P,

0; = freq 3, ®% cancel the two denominators at every horizon, leaving

h h
[Jll\[/[’,g*l]h =2(1- )\)g(i’)fz E + freqz P
s=0 s=0
At h = 0 this is (B.17)), and at h = 1 it is (B.24)).

B.4.3. Proof of Proposition@

Writing e = E'1 and using b, = w[Jj\éi* 1];, (Proposition ) together with Lemma (i),

(B.30) b _q (@) * 1 4e,,  so oy oy €, by (%) +eq.
w w w

The real rigidity cancels from the ratio b1 /by. Substituting into ¢'*F = b; /by — 1 and sub-

tracting o*,

—(I+a*)eg
B.31 IRE % _ €1 ( )
( ) ¢ “ 1—a*+¢
Under Assumption(I} |ep|< € and |e;|< € (since |[E1]¢|< ||E|| g for t < H, with H > 1),
and the denominator of (B.31)) is atleast1 —a* —é& > 0, so

< (2—1—04*)@‘
“l—a*—e¢

(B.32) ™" — o]

The interval I, = [min{a*, ¥}, max{a*, ¢'*F}] satisfies I, C (0, 1) as long as &1 € (0, 1),

as in every calibration we consider, since ¢'*" = ®1; onit, My (In) = sup,e ;. ||c‘9J]C37p>k (a)/0a| g
is finite. Writing the difference of the two Calvo Jacobians as an integral and taking norms
(the mean-value inequality),

¢IRF 8J1%7p* (Ck

195,-(6") = I, @)l = | | ) dal| < My (1a) [6"™ — o*|.

a* Oa
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Combining with (B.32) and the triangle inequality applied to Jp%. — J5 . (¢'F) = E +
Tppr (@) = Jp e (85,

(2—1—04)

1785 = Tppr (Ml < NEN+Mp (La) [ = o*| < &+ Mp(la) {———,

which is (3§)).

Part (ii). Write J = J JI\D’I’ICJ* and J = J C’ » (¢'RF), both truncated at the reporting horizon H.
On (H+1) x (H+1) matrices the maximum-absolute-row-sum norm is the operator norm
induced by the ¢°*° vector norm, hence submultiplicative, and ||/ — L||< 2. For the truncated
Calvo matrix, ||.J||= max;<z(1 — (¢™F)"*1) < 1 (its entries are positive with row sums
1 — (¢™F)"*1Y, 50 I — J is invertible; invertibility of the truncated I — .J is assumed in the
statement (it holds in all our computations, and whenever ||.J||< 1). Using (I — A) 1A =

(I — A)~1 — I for both matrices and differencing,
(B.33) I-NY—g-nty=ag-nHtJ-nu-Js-!

By (2)-(13), /3 — Iy mer (9FF) = —w(I = L)[(I J)~1J—(1—J)~1J], so taking norms
and using submultiplicativity,

H s mc’" mc”

where the last step uses that the truncated difference obeys ||J — J||< 15 s () —
J}\D’I g< Bp: its row sums over s < H are bounded by the corresponding row sums
over all s, and part (i) applies. This is (39)).

B.5. Proof of Proposition

Expectations. Fix a date ¢t and a firm 7. Everything random about the firm’s prices from ¢
to ¢+ h is one of three objects: its predetermined state S (the gap x; ;_1, the predetermined
price p; ;—1, and ¥; ;1 in the AR(1) case); its identifying innovation ¢;;; and D, all other
random draws affecting its prices from ¢ to ¢ + & (the innovations ef’ t+i and €; ;. forj > 1,

the date-t innovation €;,, and the menu-cost or lottery draws). Their laws are S ~ pug,

i’

the cross-sectional law of the state at date ¢, stationary in its gap component (price levels
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have no stationary law, but p; ;_1 enters every object below only additively and cancels
from every cumulative price change); ¢;; ~ e, with density ¢, in the Gaussian case;
and D ~ pq. The three are mutually independent: ¢;; is independent of (S, D) by the
maintained assumption of (§) (ii.d. over time, independent of the z process and of all
adjustment draws), and D consists of date-t draws other than ¢;; and of later innovations
and draws, all independent of S. We denote expectations with a subscript naming the law
itintegrates over, the remaining arguments being held fixed: E. integrates against j.c alone,

Esp against ug ® up, Eg against g, and
(B34:) ES,€7@ = ES,D Ee = Ee E&@

integrates against the product law pg ® pe ® pup. This last one is the cross-sectional expec-
tation: the cross-section of firms at date ¢ is the ergodic law of a single firm’s (5, ¢;;, D), so
averaging over the distribution of firms means integrating against /1 ® p ® j13y. Variances,

covariances and probabilities carry the same subscripts.

Road map. The proof has two steps, stated as two lemmas. Conditional on (5, D), the
firm’s cumulative price change is a deterministic function of its innovation, p; ¢, —p; 11 =
In(eit; S, D). Define the cross-sectional average derivative of the price path with respect to

the firm’s own shifter,

d

(B.35) Ap = T ES,e,ZD[fh(eit +9;5,D)] ’6:07

the derivative of the average cumulative price change when every firm’s identifying in-
novation is raised by ¢. Step 1 (Sectionw Lemma ) shows [J}} 1], = Ay, in every

me
model, using only the structure of the firm’s problem, the random-walk structure of the
shifter, and no property of the marginal law of €;;. Step 2 (Section[B.5.2) Lemma|[B.4)) shows
Ap, = bj": the regression coefficient equals the average derivative. This is where the distri-
bution of the identifying shock matters, and where Gaussianity enters for the menu cost

model. Proposition [I]is the two lemmas combined.
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B.5.1. Step 1: The Aggregate Response Is the Average Derivative

Fix a date ¢ and a firm ¢, with S, €;+, D and f}, as defined above. A shift of ¢;; by ¢ is the
experiment behind A, in (B.35)).

Lemma B.3 (Aggregation). In each model of Section with a random-walk shifter, let Ry, (0)
be the mean price at t + h when nominal marginal cost is shifted by  from date t on, so that every
firm'’s desired price is shifted by wd, with the price level and all other aggreguates at their steady-state
values and no feedback from prices to costs, as in (1)), starting from the stationary cross-section.
Then, for every § (in (GL), for every & within the slack of the small-shock bounds (A2)—(A3)),

(B.36) Rp(6) = Eglpigt—1]+Egenlfnlei + 65 D)],
and, whenever Ry, is differentiable at 0 (equivalently, by (B.36), whenever Ay, exists),
(B.37) [JBmcl]n = Ry, (0) = Ay

Beyond the random-walk structure of ¥ and the independence of e;; from later innovations and
adjustment draws, which keep the continuation problem stationary, no property of the law of e;; is

used: its shape, moments and support, and its dependence on the predetermined state, play no role.

Proor. Fix (5, ¢, D) and a real 6, and compare two experiments, both started from the
same state and driven by the same draws:
(E1) the firm’s own innovation is €;; + ¢ instead of ¢;;; nominal marginal cost stays at its
steady-state value;
(E2) the firm’s innovation is €;;; nominal marginal cost rises permanently and unexpectedly
by ¢ at date ¢, with the price level and all other aggregates held at their steady-state

values as in (T1)).

Write pg}t)Jr ,(0) and pgi)Jr ;,(0) for the resulting prices at t+h; both are deterministic functions
of (S, €4, D, 6).

(a) Pathwise equivalence: pl(lt)Jr ,(0) = pﬁl ,(0) for every (S, ¢;¢, D) and every 6. By (B)—the
normalized problem of Appendix in which the menu cost is proportional to friction-
less revenue, so that a common cost shift leaves the normalized menu cost unchanged—the
firm’s objective and its adjustment technology depend on (mcr, 2+, ¥;;, Pr) only through

the desired price p;_, and on p;_ only through the gap x; = p;; — p;_; its optimal policy at
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any date 7 > ¢ is therefore a function of the pre-adjustment gap at 7 and of the conditional
law of the future increments {p;T 45— Dir}s>1-In (E1), p;t ¢ Tises by wé for every s > 0
because ¥ is a random walk and enters ([7]) with weight w, and the law of the future incre-
ments is unchanged because ¢;; is independent of all later innovations and draws. In (E2),
Pj 14 Tises by the same wd for every s > 0, since mc enters (7) with the same weight and
the price level is held fixed, and the law of the future increments is unchanged because the
shift is permanent and not revised. Hence in both experiments the pre-adjustment gap at
tis w;s 1 — vyt — wd, the desired price at ¢ + h is p;ﬁ,t 4 twd, and the continuation from ¢
is solved by the stationary policies (bands, reset gap »* = 0, hazard) applied to the same

draws in D. The realized price is therefore, in both experiments,
(B.38) pitqn = szh +wd + Xp (7541 — Vg — W5 Vipy1,- -,V 4p; adjustment draws),

where v;; = w(€;_ + ¢;;) is the date-7 innovation to the desired price (with z;- — 2z; -1
in place of €7 when z is not a random walk) and X}, is the gap h periods later under the
stationary policies; when those policies condition on further state variables (z;; in (C) if =
is not a random walk, ¥;; in the AR(1) case), these enter X}, as additional arguments, none
of which depends on ¢. In (GL) the argument holds for |§| within the slack of the small-
shock bounds (A2)-(A3), under which the policies of Appendix remain the firm’s
policies.

In the firm’s problem, the two shocks enter identically: both shift p}, = w(met + 2 +
Yit) + (1 —w)P; by wé. Hence the two pass-throughs are instances of the same desired-price
pass-through, scaled by w.

(b) Aggregation. The cross-section at date ¢ is the law ug ® pe ® pup of (S, €, D) in
both experiments: a common cost shift alters no idiosyncratic draw. Since the price level
and aggregate output (P, Y;) are held fixed, the shifted cost mc; is common to all firms,
and, given these, no firm’s problem involves any other firm’s price—with decreasing re-
turns the firm’s own output enters its own marginal cost, but that is a function of its own
price and of the aggregates, and Appendix[A.T|shows it is absorbed in the profit function

R hy(xit), i.e. in the weight w of the desired price and in the curvature—firms respond

(2)

independently, and the mean price in (E2) is the integral of p;7/ ,

(0) against that law.
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Therefore

Ry(0) = Egenlp) 2 (6)] = Esen[p5, ()] = Eslpis—1] +Eg el fulese +6:5, D)1,

the middle equality by (a) and the last by the definition of f,, since pglt)Jr p(0) =pig-1+
fn(eir +0;.S,D); this is (B.36]). Subtracting Eg[p; ;—1], which does not depend on §, and
differentiating at § = 0 gives R} (0) = Aj, whenever either side exists. Finally, [Jgfm Alp is
by definition the derivative of the aggregate price at horizon i with respect to a permanent
unit shift of nominal marginal cost at date 0, unanticipated and with aggregates fixed,
starting from the stationary cross-section; relabelling date 0 as ¢ is admissible because the
cross-section is the same at every date. Hence [Jj.!fm Alp = R (0) = Ap, whichis (B37). O

When the derivative can be moved inside the expectation over (S, D), equation ([B.37)
reads [ngcl} n=Esp [C%E6 [fn(e+6;S,D)] ‘5:0]. This is the aggregation logic of Caballero
and Engel (2007)): the cross-section over which the aggregate response averages is the er-
godic distribution of a single firm’s states, so the macro response is the average of micro
marginal responses.

Note that Lemma B.3|requires no continuity of f;, in € and no density for S, D or Gitg

Step (a) is also where the limits of the identification appear: the regression generates
the displacement whose profile is the impulse response of p* to the shifter innovation,
a permanent step for a random-walk shifter. An mc path whose profile differs from the
shifter’s own impulse response—a news shock, or a transitory shift when the shifter is
a random walk—is not that displacement, the policies respond to the anticipated path,
and no regression on innovations to that shifter can reproduce it. This is why the bridge

delivers exactly J?' 1 and no other feature of the matrix.
y Pmc

27This is because it differentiates nothing inside an expectation: it identifies R}, with the cross-sectional
average of the shifted price path and then differentiates that average. Whether R;, is differentiable at 0 is a
property of the model’s aggregate response, satisfied under the assumptions of Section 2.1|on the idiosyn-
cratic shocks. Take the case (MC): conditional on (S, €;;, D), a firm’s price at ¢ + h is a step function of the
common shift: it equals the old price until ¢ tips the firm across the band and the reset price afterwards. Its
pointwise derivative exists for almost every realization and takes values in {0, w} (w if the firm has adjusted
since t, zero otherwise), but its expectation is only the intensive margin: the integrand jumps at the values
of 6 at which the firm’s adjustment decision flips, and the mass swept across those jumps, the extensive
margin, is missed by any argument that differentiates realization by realization. A derivative of the aggregate
exists because, across firms, the pre-adjustment gap x; ;1 —w(e}, + €;;) has a continuous density, so that the
mass tipped over by a small § is proportional to 6.
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Persistent shifters. 1If J;; = pd; ;1 + €, a shift § in ¢; raises p;-‘,t s by wp?d, other in-
novations held fixed, exactly as an unanticipated cost path (4, pd, 0%, .. ) does with the
price level fixed. The firm’s state now includes v;;; along the shifted path the pair (gap,
) evolves exactly as it would under an unanticipated cost path (6, pé, p?6, ... ) starting
from the same state, with identical policy functions (the policy under the anticipated cost

path is formally time-varying but coincides at ¢ + j with the stationary policy evaluated

at v 445 + p76). Lemma B.3, combined with Lemma [B.4} then gives byt = 1Jp,, 6’5]h with
9 = (1,p,0%,...), provided ¢;; is independent of (z;;_1,7; 1), the domination ([B.46))
still holds (it does, since p < 1), and the same p is used for the shifter and for the cost

path.

B.5.2. Step 2: The Average Derivative Is the Regression Coefficient

Since ¢;; is independent of (S, D), by definition of the OLS coefficient,

(B.39) m 5»6793”’1(612’5 Jeit] Egn e[fh(e,ZS, ) €]
0'19 0-19

The lemma gives two sufficient conditions under which this regression coefficient equals
Ap,.

Lemma B.4 (Regression coefficient equals average derivative). Let (S, €y, D) be mutually
independent, with e;; of mean zero and variance 0729, and let | fy,(e; S, D)|< My (S, D) + |e] for all
e, with Eg p[Mp] < oo, so that b} is well defined. Suppose that either
(G) €+ ~ N(0, 0129); or
(L) Fp(e;S) = Eplfn(e; S, D)] is affine in € on an open set containing the support of €;;, for pg-
almost every S: Fy,(e;.S) = ap,(S) + sp,(S) € there, with Eg|ay|, Eg|sp|< oo.
Then Ay, exists and Aj, = b}". Under (G), moreover, Aj, = ES,D[% Ec[f(e +0;5,D)] |5:0].

Proor. Case (L). Because (S, ¢, D) are mutually independent and f;, is dominated by
My}, +|e|, Fubini’s theorem allows integrating D out first in both objects, for |§| small enough
that € + 0 stays in the set where F7}, is affine. For the regression coefficient, E¢[F},(¢; .S) €] =
Eel(ap, + spe)e] = sp(S) 0129, so b)' = Egl[sy]. For the average derivative, Eg . p[f}, (€ + 9)] =
EgEelap+sp(e+0)] = Eglap] +6 Eg[sp], which is affine in §, so Aj, = Eg[sy]. No exchange of

limit and expectation is needed, and no property of the law of ¢;; beyond a finite variance
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and the domination above.
Case (G). The argument has three parts: Stein’s identity for a single Gaussian variable,

its application conditionally on (5, D), and the exchange of d/dJ with Eg p.

Stein’s identity. Lete ~ N(0,02) with density ¢, let f be measurable with polynomial
growth, |f(u)|< Cp(1+ |ul?) for some constants C't, ¢, and fix ¢ > 0 (constants local to this
appendix, unrelated to the bounds m, c of (A2)). Then

_Elfd

(B.40) e+ )], ==

This is Stein’s lemma (Stein/1981, Lemma 1) in location-derivative form. The classical state-
ment, Ec[f(¢)e] = o2 E¢[f(¢)], assumes f absolutely continuous, which the menu cost re-
sponse is not; the form (B.40]) needs no regularity of f because the derivative falls on the
density. Writing E. f(e + 0) = [ f(u)ps(u — J) du, the integrand is C* in § with derivative
—flw)pl(u—26) = f(u) “0—2 o (u — &), which for |§|< ¢ is dominated, uniformly in ¢, by

Cp L+ [l D(ul+0) _f(juj—c)412/20? /
o e , G(u) du < oo,

so differentiation under the integral sign is licensed (mean value theorem on the dif-

(B.41) G(u) =

ference quotients, then dominated convergence), and the change of variable v = € + ¢
gives %Eef(e +60) = Ec[f(e + 6) €] /o? for all |6|< c. When f is piecewise C with finitely
many jumps Af; = f(uj') — f(uj_) at points u; and |f/|< Cf(1 + |u|?) on the smooth
stretches, integrating by parts stretch by stretch gives the “intensive plus extensive” form
Eclf'(e)] +> j Afj oo (uj), which is the classical statement when there are no jumps. Con-
versely, (B.40)) characterizes the Gaussian (Stein/[1972): it holds for every f only if ¢/ =
—(u/o?)g; for linear f it holds for any distribution.

Conditional application. The domination |f}(u; S, D)|< My (S, D)+ |u| gives f3(-; S, D)
polynomial growth of degree one for every (S, D), so under (G) (B.40]) applies condition-
ally on (S, D):

(B.42) b = Esp | - d Ec[fy(e +0; S, @)]‘520]
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Exchanging the derivative and the expectation over (S, D). Writey,(9;S, D) = Ec[fj,(e+
8; S, D)), so that (B.42)) reads b}" = Eg p[y},(0)], while the claim is b} = %ES,D[yh(é)] ‘520.
Three facts let the derivative move outside the expectation.

(1) Forevery (S, D),y isasmooth function of §, because § enters vy, (6) = [ f(u; S, D) o (u—
d) du only through the Gaussian density (by independence of ¢;; from (S, D)); by the
computation behind (BAQ), 7} () = Ec[f),(¢ + 6; S, D) €] /3.

(2) Its derivative is bounded, uniformly over |§|< ¢, by an integrable function G}, of (.S, D)
alone 8|

(3) Dominated convergence then applies to the difference quotients: by the mean value
theorem, {v,(d +7) —,(9)}/r = 7;1(5) for some 0 between ¢ and & + r, so the quotients
are bounded by G}, whenever |§|+|r|< ¢, and letting  — 0 inside the expectation gives
HEspm(9)] = Egply;,(6)] on (—¢,c).

At 6 = 0, (B.42)) therefore becomes

d
(B.44) b =~ Esenlfulein +0:5,D))

The right-hand side is Ay, so b} = Aj,; and (B.42) together with (B.44]) is the second claim

of the lemma. n

Note that no density, continuity or stationarity of yug or s is used here. In particular,
it has an atom at the reset gap «* = 0, where every adjuster sits, and this is harmless

because the smoothing in § is supplied by ¢;; alone.

The three models. Model (C). Conditional on the lottery draws, which belong to D, f,
is affine in € with slope w 1{a reset occurs in [t, t + h]}: under the random walk every reset
price (22)) moves by w per unit of ¢;;, and a price that has not been reset does not move. Av-

eraging over the draws, F},(¢; S) = Ep|f},] is affine in € with slope w Pr(reset in [t,t + h]) =

28By the domination hypothesis, | f, (¢ + 8; S, D)|< M}, 4 |e|+c for |6]< ¢, so

(B.43) (055, < ST REIN]_ Bh VIR Ly - g 5,m),
0'19 a.

and Eg p[G}p] < oo because Eg p[M}] < oo. The same domination gives Eg p|7v;,(0)|< Eg p[Mp] + Ecle[+c <
00, 50 Eg p[y,(0)] is well defined for [§]< c. Note that Eg p[G}] < oo requires finite first moments under
ps ® pp: Eglaig—1]/< oo and finite Eplef|, Eple,, ;|, Eplei 4] for j < h but the menu-cost and lottery
draws do not enter Mj,.
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w(1 — a"*1) (equation (23))), and the domination |f;|< M, + |¢| holds by the represen-
tation ([B.45)) below with the reset price in place of P; 7+ (plus the forecast terms of z, of
finite mean, when z is not a random walk): condition (L) holds for any distribution of e,
and Lemmagives Ap =15 =w(l —alth),

Model (GL). Conditional on hits and turbulence draws, f, is not linear in ¢ (whether
the firm adjusts depends on ¢ through its gap), but after integrating over the turbulence
draws it is: Lemma|[B.2]holds for every shifter path under (A2)-(A3), so F},(¢; S) = Ep /]

is affine in e with slope w(1 — n’i“) (Appendix [B.3.2)): condition (L) holds to the order

of the GL approximation, for any distribution of € with support compatible with (A2).
Affinity fails only on the set of histories whose last hit is older than the horizon over which
(A2) bounds the cumulated shifter, a set of ;1g-mass O(m) on which the conditional mean
of z; 11, is bounded by 7, so the error in by, is O(mz), the order of the approximation in
the reset rule (A.6); the domination | f;|< M}, + |¢| holds as in (C). Lemma [B.4] then gives
Ap = 0% = w(l — 77};“) = w[JICD,p*(n/\)l]h to that order. Note that (A2) is a bounded-
support condition on ¢, incompatible with the Gaussian shifter of (MC): the two models
place different conditions on the identifying shock, and thin-tailed shifters make the GL
error exponentially small (see Section Scope).

Model (MC), Gaussian e. Here f, is not differentiable in e: it jumps whenever e pushes
the pre-adjustment gap z; ;1 — w(e}, + €) across the band at ¢ or, for a firm that has not
yet adjusted, at a later date. Condition (G) is verified from the policy. If the firm does
not adjust between ¢ and ¢ + h then f;, = 0. Otherwise let 7* € {¢,...,t + h} be its last

adjustment date; since the reset gap is z* = 0, p; 14, = pj .« and, with the price level fixed,

TF—t

(B45) fi(6; 59, D) = pf s —pig—1 = —Tig1+w(e+e)+ > vigyj,  vir = w(ef +eir).
j=1
Hence, for every € and every [§|< ¢, usingw < 1,

| fu(e+6:8,D)| < Mp(S, D) + w(lel+¢) < Mp(S, D) + |e|+c,

(B.46) h
My, = | g |+l + ) lvierl,
=1

and Eg p[M},] < oo: post-adjustment gaps lie in the band, so |z; ; _1|< Z (with a menu-cost

72



distribution i of unbounded support, Eg|z; ;_1|< oo is the assumption of Proposition
it is automatic when H has bounded support), and the innovations are Gaussian, so that

the domination hypothesis holds and (G) holds.

Proof of Proposition (I, Under the conditions of the proposition the hypotheses of Lemma
hold: the mutual independence of (5, ¢;+, D) and the domination of f;, in every model,
and (L) in (C), (L) to the order of the approximation in (GL) under (A2)-(A3), (G) in
(MC) with Gaussian €;;. Lemma therefore shows that A, exists and equals b;". By
(B.36)), the existence of Ay, is the differentiability of R}, at 0 required in Lemma which
then gives [J?mcl]h = Ap, = by O

B.5.3. Intuition for Step 2, Case (G): The Regression as a Weighted Average Derivative

This section rereads the proof of case (G) of Lemma The regression coefficient and
the average derivative are both averages of the same local responses of the price change to
the shock, under two different weightings; they agree for every response function exactly
when the two weightings coincide, and that happens only for the Gaussian. The state-
ments below are written for a discontinuous response, since that is the menu cost case.
Throughout, (S, D) is fixed, f = f;(-;5,D), and ¢ is a single random variable with law
11, mean zero and variance o e (0, 00); every expectation is E.. The shock is measured in

desired-price units, we, so that w = 1 throughout this subsection without loss of generality.

Local responses. In model (MC), f is affine on each of finitely many intervals, with
slopes in {0,1} and at most 2(h + 1) jump points, and |f(u)|< M}, + |u| by (B.46]). Un-
der the S's policy, given the draws in D, the set of shocks © under which the firm has not
adjusted by a given date is an intersection of intervals, hence an interval, and these in-
tervals shrink with the date; so the first-adjustment date is piecewise constant in u, with
at most two boundary points per date, and once the firm has adjusted its gap is reset to
z* = 0 and nothing later depends on v, so that f is affine with slope 1 on each piece where
the firm adjusts by ¢ 4 h and equal to 0 where it does not. We take f right-continuous at
its jump points u; < --- < ujy, a normalization that is immaterial when ; has no atom
there, and write Af; = f (ul)—f (u;) The local response at u is the slope f'(u) off the jump

J
points and the jump Af; at uj; to average local responses against a weight k we use the
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generalized derivative Df = f'(u) du + 37, Afj du,, ie.

J
(B.47) /def = /f’(u) k(u)du+ > Afjk(uj),
j=1
so that jumps count as point masses, and the fundamental theorem of calculus reads

b
(B.48) f(b)—f(a):Df((a,b]):/a fllwydu+ > Af, a <b.

j:a<uj§b

For the impact response of a firm that starts at a zero gap, f(u) = u1{|u|> Z}, one has
f"=1Y|u|> 7} and Af = 7 at both u = +7, so

(B.49) /def = o k() du + 7 [k(Z) + k(—7)] :

with k the density of the shock, the intensive margin (the adjusters move one for one with
the desired price) plus the extensive margin (the firms swept across the thresholds, each

moving by z), the structure of the impact entry (B.17)) and of .

The two weightings. The following proposition shows that the regression coefficient
and the average derivative are both averages of the same local responses f’(u), under two
different weightings. They agree for every response function exactly when the two weight-

ings coincide, and that happens only for the Gaussian.

ProposiTioN B.2 (Two weightings of the local responses). Let f be piecewise C'! with finitely
many jumps and |f(u)|+|f'(u)|< Cr(1 + |ul) off the jump points, and let j have mean zero,
variance o2, E¢|e|>< oo, and no atom at the jump points of f.

i) Regression weighting. Define
g g g
1 1
(B.50) w(u) = = Ec[el{e > u}] = po Ee[(—e) 1{e < u}], u€R,

the two forms being equal because Ece = 0. Then w is a probability density, without atoms,
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continuous except at an atom of p located at u # 0, where it jumps by u pu({u})/o?, and

(B.51) M@d /wde /f du—l—ZAfj

o

(ii) Shift weighting. If ;1 has a continuously differentiable density o with |u|e(u) — 0as |u|— oo
and [ sup5<.(1+ |u]) |/ (u — §)| du < oo for some ¢ > 0, then

(B.52) C%Ee[f(ejté /f du—/gode.
(iii) When they coincide. If ;1 has a continuous density o, then w is continuously differentiable
with
/ up(u)
(B.53) w(u) = — o

and w = p on R if and only if ¢ = 4, the N(0, 02) density.

Proor. (i) Fix a continuity point ¢ of f. Since Ece = 0, E¢[f(€)e] = Ec[(f(€) — f(c))e], and

by (B48)

/ f'(u 1{u<e}du+ZAf]1{c<uj<e} €>c,

(B54)  fle) = fle) =
/ f(u 1{6<u}du—ZAfj1{e<u]<c} e<c

Multiply by € and integrate against .. Fubini’s theorem allows the order of integration in
the du terms to be exchanged, the integrand being bounded by C't(1 + |u|)|¢| on a u-range
of length at most |¢|+|c| on which |u|< |e|+|c|, which is integrable by the third moment; the
jump terms are finite sums. Reading off Ec[¢1{¢ > u}] = ¢%w(u) and E¢[(—€)1{e < u}] =
2w (u) from (B.50), and using p({uj}) = 0sothat 1{u; < e} = 1{u; < ¢} almost surely,

- J
(B.55) Ec[f(e)e] = 02 [/OO (@) w(u)du+ Y Af; w(uj)} ,

j=1

which is (B.51]); the base point ¢ drops out, as it must. As for w: the first form in (B.50))

shows w > 0 for u > 0 and the second for u < 0; Tonelli’s theorem gives [w = 0 2E¢[¢?] =
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1; and dominated convergence on the indicators gives right-continuity and w(v™) —w(u) =
up({u})/o?.

(ii) The first equality is the argument behind (B.40))—(B.41]) with ¢ in place of ¢, the
integrand f(u)@(u—8) of Ec f(e+6) is C1 in §, its derivative is dominated for |§|< cby Cr(1+
|ul) sup\5/|gc|<ﬁ/(u — ¢')|, which the stated condition makes integrable (it is what (B.41))
delivers in the Gaussian case), and the mean value theorem with dominated convergence
lets the derivative pass under the integral. For the second, integrate — [ f¢' by parts on
each stretch between consecutive jump points: the two boundary terms at a jump point
combine, by continuity of ¢, into f(u;r)go(uj) — f(uj_)go(uj) = Afjp(u;), the terms at oo
vanish because | fo|< Cr(1 + |u])¢ — 0,and [|f’|¢ < oo by the first moment.

(iii) (B.53) is the fundamental theorem of calculus applied to w(u) = o~ 2 | 2 vp(v) do.

If w = p then ¢/ = —up/o?, alinear first-order equation whose solutions are 30(0)6_U2/ 2‘72,
and [¢ = 1 fixes p(0) = (0v27)" L. Conversely vy, (v) = —o2¢l(v) gives [ vy, =
o2 pg(u). O

Interpretation of the two weightings: Chords and tangents. The proof of Proposition
[B.2((i) reads the regression through the total displacement f(e) — f(c), the sum of the lo-
cal responses along the path from c to ¢; the local response at « is credited to every firm
whose path crosses u, each carrying its regression weight ¢, which is why the weight at
is the shock-weighted mass of firms beyond u, (B.50)). Part (ii) of the proposition instead
credits the local response at u to the firms located at u, with weight ¢ (u). The regression
uses chord slopes between ¢ and ¢, while the economy responds to the tangent slope at e.
The weight w determines how the tangent slopes are averaged in the regression. Equiv-
alently, by the Tonelli computation in that proof with ¢ = 0, w is the density of a point
drawn uniformly on the segment between 0 and € in a sample in which firms are drawn
with probability proportional to ¢2: once because longer paths contain more points, once
because the regression weights each firm by e. Part (iii) says that for the bell curve, and
only for it, the shock-weighted mass beyond u equals ¢ times the density at u, so chord
sampling and endpoint sampling agree at every v; this is the same property that makes
the score linear, ¢/, = —(u/0?)¢,.

If /' is the same number everywhere and f hasnojumps, [ wdDf = [ ¢ dD f whatever
w and ¢ are: the weighting is irrelevant and any law works. Applied to F}, = Eq fj, this is
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the content of case (L) of Lemma [B.4] which covers the Calvo model and, to the order of

its approximation, the GL model.

Note: A general fact about regressions on a randomized continuous treatment. Noth-
ing in Proposition is specific to price setting. Consider any outcome y = g(¢; () of
a continuous treatment e that is randomly assigned, i.e. independent of the unit’s char-
acteristics ¢, with response functions ¢(-; ¢) that may be heterogeneous across units and
nonlinear in the treatment, and let m(u) = E¢[g(u; ()] be the average response, assumed
piecewise C' with finitely many jumps and linear growth. The average marginal treatment
effect is [ o dDm, which equals E¢[m’(¢)] when m is smooth and includes the mass swept
across the jumps when individual responses are discontinuous, as in part (ii). The OLS
coefficient of y on ¢ is E[ye] /o = E¢[m(e)e]/o® = [ wdDm by independence and part (i):
heterogeneity enters only through m. The two coincide for a given m when m is affine,
which covers heterogeneous but linear responses, and for every m if and only if the treat-
ment is Gaussian (part (iii)). Otherwise OLS is a weighted average of marginal effects
with the weights w, a result due to Yitzhaki (1996)) and discussed by |Angrist and Krueger
(1999).

B.5.4. Non-Gaussian Identifying Shocks

Let [},(e) =E s, 0[fn(€; S, D)] be the response averaged over the state and the other draws. It
is smooth even though each realization fj, jumps, because the driving innovations ¢* have
smooth densities and spread the jump points out; this is the only place where a property
of €* beyond finite first moments is used. By Proposition the regression averages the
local responses of F}, under the weight w and the shift experiment averages them under
the density of the shock, and the two agree for every response only when the shock is
Gaussian. Their moments differ otherwise: [uw(u)du = p3/(203) and [u?w(u)du =
0129 kurt/3, so a skewed shock tilts the regression weight and a fat-tailed one spreads it

beyond the population density.

The bias. Suppose ¢ has mean zero, variance 05 and bounded absolute standardized

moments up to order five, and that FJ, is C% near zero with linear growth. Expanding F},
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inside the two averages,

(B.56) w—i Ec[F},(e+9)] _ O skew o+ £ 0

g 7 50 " 9 (kurt—3) 0%4—0(03),
2 -

which vanishes at all orders in the Gaussian case by (B.40]). At the zero-inflation steady
state the model is invariant to the sign flip of all gaps and innovations, so F}, is odd up to

1.
O(03) so the leading bias is EF;LI '(0)(kurt — 3)02, proportional to excess kurtosis.

Solution: regress on the score. Let p be the density of ¢, absolutely continuous with
fsupwgc(l + |ul) [p'(u — )| du < oo for some ¢ > 0 (Gaussian, Student-t and Laplace
densities qualify), and let s(¢) = —p/(€)/p(¢) be its score. Integration by parts, with jumps
counted as in (B.47), gives E[f(€)s(e)] = %EE [f(e 4 6)]|s—o for every piecewise-C! f of
linear growth; the Gaussian score is ¢/ 0129, which recovers (B.40)). Repeating the two steps
of the proof with s(e;;) in place of €;;/ 05,

(B.57) Esen[(Pitin —pit—1) s(eit)] = [Jgfmcl]h

exactly, for any such density. Since Ec[e s(¢)] = 1 and E¢[s(¢)] = 0, this is the coefficient
of an IV regression of price changes on ¢;; with instrument s(¢;;): the average-derivative
estimator of [Stoker| (1986)) and [Hardle and Stoker| (1989). p can be estimated from the

observed panel of €.

B.5.5. The Turbulence Regression in the Gertler-Leahy Model

Suppose the econometrician regresses price changes on the turbulence innovation ¢, itself
(equal to zero for firms not hit), a violation of the conditions of Proposition [I|in (GL).
This section shows that the resulting coefficients are b} = w(1 — /" nﬁ\‘) with (St = (1 —
A)(22 /)3 < 1/8: the impact pass-through is close to its long-run value w and %/ bg — 1
does not recover 7). Set mc and P constant; the shifter innovations are independent of

¢;; and drop out of every covariance below, so we also set ¥/ constant, and p}, = wz;; up

%
it+h

innovations. Define

to a constant and p — i1 = wW(zit4n — #it—1) is a random walk in the turbulence

. Cov(pi,,H_h —Piit-1, Eft)
h = Var(e%,)
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over all firms, with eft = 0 for firms not hit at ¢; since those firms contribute zero to both the
covariance and the variance, b; equals the same ratio computed among hit firms. Corollary
applies with ¢* in place of e: b; = w + Cov(z; 11, €;;)/Var(ef;). It is convenient to work
with the turbulence innovation in desired-price units, u}, = we7,, uniform on [—¢/2,¢/2] at

a hit; since € = u?/w,
COV@%¢+M€%)::u)COVC%¢+haU%)
Var(eZ,) Var(u?,)

With mc, P and ¢ constant the reset price net of the turbulence component, pli*V

—Wzit,
is a constant, normalized to zero. Consider a firm hit at ¢ with pre-hit gap v— = p; ;1 —
wzjt—1 € [~7,7], independent of u},. Its would-be gap is y = z— — u};, and its gap after
the hit is z;; = y1{|y|< z} if it has no free draw (probability 1 — ) and 0 if it has one.
Substituting u = —y, which ranges over an interval of width ¢ containing [—z, z] by (A3),

_ 1 [T 273
(B38) Elesuy | o] = Ely(o—~ ) Uyl< 7} [o-] === [ wuasydu=
independent of v, while Var(u, | hit) = ¢?/12. Multiplying by the probability 1 — \ of
no free draw, Cov (v, uf,)/Var(uf) = —(1 — A\)873/¢3 = —.t and b§ = w(1 — (L). For
later horizons, v; ;11 = x;; with probability n); with probability A the firm resets freely, so
jt+1 = 0; and with the remaining probability it is hit again with would-be gap @it —u; ;. ,
uniform on an interval containing the band, so that E[x; ;11 | 2, hit] = ¢! f_jj udu = 0.

Therefore E[%’,H—h | ] = nﬁxit, COV(J;LH;L, uy,) = nﬁf Cov(z;t, u7), and
(B.59) b = w(1 —Clply,

the result stated above. In particular b; — w (full long-run pass-through of the desired
price) and b7 /b5 —1 = (S (1—n))/(1—:SL). Contrast with the shifter: there Cov(z; 4 1, €it) /05 =
—wnﬁﬂ, because a firm that has neither been hit nor freely reset since the shock carries
all of it in its gap; here a firm hit at ¢ carries, on average across the hit population, only the
part (CL of the innovation that its non-adjusters absorb.

The weighting representation (B.51]) of Section[B.5.3|explains this result. Take ¢, as the
regressor, so that it plays the role of ¢;; and D~ collects every other draw: with probability
n it equals zero (no hit), and with probability 1 — 7 it is uniform on [—¢/(2w),</(2w)]

and triggers reconsideration; conditional on a hit the firm adjusts with probability 1 —
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2z /s and its expected price equals the reset price (Lemma [B.2). The average derivative
is A7, the derivative of the cross-sectional average price with respect to a shift § of every
firm’s €7, i.e. a shift wo of every desired price in (B.38)), computed in expectation over D~
through Lemma A firm hit at ¢, or one with a free draw, passes wé through fully at
every horizon in that expectation. A firm that is neither is displaced by wé inside its band,
does not reconsider its price at ¢t (assumption (A4)), and passes wd through once it is hit

or free, which by ¢ + h has probability 1 — nﬁf. Hence

(B.60) P=w[(l=n) T+ =0 =w@ =} = [Jg5, ]

the pass-through of mc, as step (a) requires. The regression instead computes (B.51]) with
the weight €7,: the atom at zero receives no weight, so the non-hit firms, which carry the
mass 1), of zero impact responses in (B.60]) (the free adjusters among them respond, but

are discarded too), drop out, and the coefficient is the pass-through among hit firms, b7 =

h GL

w(1 — 1Y) derived above. The discrepancy bj, — [J3;, 1]; = wnfi(ny — 1) is, up to the

CL, w times the mass niH'l of firms neither hit nor freely reset through

small selection term ¢
t + h; at h = 0 it is, net of (®F, w times the discarded mass 7 - The identifying shock must
therefore be absorbed the way mc is: it must enter p* with the same weight w as mc and
leave the adjustment decision to other forces, so that adjusters and non-adjusters enter
the regression in their population proportions. The small shifter ¥ does this in (GL) for
any distribution because it never triggers adjustment. In the language of Lemma the
turbulence regressor violates both conditions: it has an atom and is not Gaussian, so (G)

fails, and the D-averaged response is not affine in it, so (L) fails.

B.6. Non-Random-Walk Shocks

The main text takes z;; and ¥;; to be driftless random walks in every model. This section
investigates the case of an AR(1) shifter, ¥;; = pv; ;_1 + ¢;; with 0 < p < 1. A persistent
component of the z; shock, with persistence p,, is treated in parallel where it matters.
With the price level fixed,

(B.61) e[ 116] — Pip = —w (1 — p°) Vi,
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so two things change in general: the reset price is no longer the current desired price, and
the conditional law of future desired-price increments depends on the current level ;.
On the econometric side the regression is unchanged, and Remark (1] gives the formulas
that replace (25)-(26)): ¢"™*F = b1 /by — p and &™F = by(1 — Bo™Fp) /¢™F, with p estimated

from the autocorrelation of the observed shifter.

A benchmark for time-dependent models. The following lemma states what the geo-
metric extrapolation recovers under any time-dependent technology, and hence what the

canonical menu cost policy would predict.

Lemma B.5 (TD response to a persistent shifter). In a time-dependent model with survival

function ® and the reset rule underlying (32)), the response of prices to the shifter innovation is

h h—j
dj=op TP > s3>0 B°Psp®

(B.62) b, = wc(p) S s c(p) S 0 55D,

so that by /by — p = @y exactly. For a mixturey ;. oy, JITDDP* (%), by /bg — p is a weighted average of
the <I>]f with weights proportional to gjcp.(p)/ S s ®F, which reduces to ®1 at p = 1.

Proor. A firm resetting at ¢ + j sets

*
new 2520 3P Et+jpi,t+j+s
Dit+5 = s )

and OB¢y ;] s/ Ocit = wpl 5, s0 Oppiy;/Ocir = wple(p). The expected price at t + h
averages reset prices over the age distribution of prices, with weight ®;/> . ® on the reset
price set j periods earlier, and only resets at dates ¢t + h — j > ¢ respond; differentiating
gives (B.62)), and b1 /by = (pPg + ®1)/Pg with &y = 1. For a mixture, by, is the gi-weighted
sum of ([B.62)) across components, and the ratio follows. O

(C) Calvo. Nothing changesin the structure: adjustment is exogenous and the reset price

is a linear forecast of desired prices,

pi = J]C%p* (o) [w(me + Ez; + EY;) + (1 — w)P],
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in which 9;; enters with the weight w, = (1 — Ba)/(1 — Bap) and the law of z is irrelevant.
Lemma B.5| with &; = ol gives c(p) = w, and

h
o b
(B.63) by, :wwp(l—a)z,ah_]oﬂ, by = w(l — a)wp, b—l =a+p,
; 0
j=0
so ¢ = o and kRFC = by(1 — Bap)/a = wk(a), the formulas of Remark |1l They hold
exactly and for any law of ¢;;, since the draw-averaged response is affine (case (L) of
Lemma . The same holds for any process for ©: 9 is then its impulse response and

bh = w[J‘(P:,p* (Oz)’@]h

(GL) Gertler-Leahy. Neither component needs to be a random walk. Let turbulence
mean-revert between hits, z;; = p.z; ;1 with the uniform jump added at a hit, and let the
shifter be the AR(1) above. A firm that reconsiders its price at ¢ still chooses p to minimize
Et D s>o(mB)°(p — pzt n 5)2 along the path with no further reconsideration, so the reset

price is the same linear forecast with the persistence-dependent weights

(B64)  pi™ = wwSh 2y +wwt dy + (1 —mB) B Y (mB)* [wmerrs + (1 —w) Prys],
s>0

with wSt = (1 —n,3)/(1 — n)\B7). The adjustment decision still depends on the would-be

new

AP Y = Pit-1 — Py
sired price away from the reset price, nonzero now. The value of keeping the old price is

new

alone. Write ds = pi,*" — Eupj, ¢ for the expected drift of the de-

—% S (mB)°Et(y + ds + us)? with us the unexpected part, and expanding the square, the
cross term 2y ) - (1) )°ds vanishes by the first-order condition that defines p}*"; what is
left is —%gﬂ /(1 —n)p) plus terms that do not involve y and are common to the keep and
reset branches. Value matching therefore gives the same band ([A.§), and the levels of z;;
and ;; enter the decision only through pli*"V: the firm’s state remains one-dimensional be-
cause it does not reconsider between hits and free draws, and because the loss is quadratic.
The rest of Appendix|B.3|goes through with two changes. In the selection lemma, the drift

new

of p"*"V — wz between two hits now includes the expected reversion of the shifter, which
(A2) bounds, and the turbulence draw enters the would-be gap with the weight ww%,

so the uniform support in (A3) is scaled by ngL (with p, = 1 nothing changes). In the
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aggregation step, 9p; " /Oeir = wwSij ,and Lemma [B.5|with &, = 7]*;\ gives

h
by
(B.65) by = wuGt (1 -1y Z S = —p=m AN =),

to the order of the approximation.

(MC) Canonical menu cost. The firm reconsiders its price every period and the value
of waiting depends on where the desired price is expected to go relative to the band. The

state is the pair (y, ) and the Bellman equation (B.11]) becomes

V(y,9) = Amin W (z,9) + (1 — \) min {W(y, 9), €+ min Wz, 19)},
(B.66) ’ v

1
W("Eaﬁ) = §[E2 —f-ﬁE[V(CL’ - U/’p'ﬁ + el) ‘19]’ Ul = w(GZ/ + 6, - (1 - :0)19)’

where the desired-price innovation v’ has conditional mean —w(1—p)¥. The reset gap z* (¥))
and the band [z(?), Z(¢)] depend on ¥: a firm with a high shifter expects its desired price
to fall, so it resets below the current desired price, z*(?) < 0, and tolerates larger negative
than positive gaps, since a negative gap is expected to close on its own. The stationary law
is a joint law of (y, 9).

Proposition [1{ still applies and implies b;, = [J]@m C'zg‘]h, 9 = (1,p,p%,...)". However,
the analytical results on the entries of Jp', . in Section rest on the one-dimensional
state and do not apply. We provide numerical results for this case in Section
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Appendix C. Additional Numerical Results

C.1. Selected columns of the nominal passthrough and Phillips curve Jacobian
Ficure C.1. Nominal price pass-through: selected Jacobian columns
Golosov Lucas (2007) Nakamura Steinsson (2010)
Menu cost vs Full Information (¢ = 0.294) Menu cost vs Full Information (¢ = 0.515)
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Note: The panels compare columns of the menu-cost nominal pass-through Jacobian J with their Calvo
approximation counterparts. The left column uses the Golosov—Lucas (2007) Cahbratlon and the right col-
umn the Nakamura-Steinsson (2010) calibration. Each curve gives the response of the aggregate log price
level at date ¢ to a unit nominal marginal-cost disturbance at the indicated date s € {1, 10, 20, 30}. Line styles

distinguish shock dates. The black line is the true nominal pass-through Jacobian J¢ . The orange line is

the Calvo approximation assembled from the full-information survival rate ¢™; the blue line is the Calvo
approximation assembled from IRF-implied survival rate ¢'*F.
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Ficure C.2. Generalized Phillips curve: selected Jacobian columns

Golosov Lucas (2007)
Menu cost vs Full Information (¢ = 0.294)

Nakamura Steinsson (2010)
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Note: The panels compare columns of J}
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Response date t

the true generalized Phillips curve Jacobian with their Calvo

approximation counterparts. The left column uses the Golosov-Lucas (2007) calibration and the right col-

umn the Nakamura-Steinsson (2010) calibration. The horizontal axis is response date ¢; line styles identify

the date of the unit cost disturbance, s € {1,10, 20, 30}. The black line is the true Phillips curve Jacobian

JYner- The orange line is the Calvo approximation assembled from the full-information survival rate ¢™;

the blue line is the Calvo approximation assembled from IRF-implied survival rate ¢'*F.

C2

Impulse responses to nominal and real marginal cost shocks
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Ficure C.3. Responses to Anticipated Nominal and Real Marginal-Cost Innovations (5
quarters ahead)
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Nakamura Steinsson (2010)
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Real marginal-cost shocks
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Shock starts in quarter 5; announced in quarter 0.
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Notes: The left column uses the Golosov-Lucas (2007) calibration and the right column the Nakamura-
Steinsson (2010) calibration. The top row reports price-level responses to nominal marginal-cost paths

(1,p,0% ..

.) for p € {0.3,0.6,1}; p = 1 is a permanent nominal innovation. The bottom row reports in-

flation responses to real marginal-cost paths with p € {0.3,0.6,0.8}. Innovations are announced in quarter 0
but beginning in quarter 5: they are zero before quarter 5 and follow p!~3 thereafter. Black denotes the true
DGP, blue the IRF-implied approximation, orange Full Information, and green the Kurtosis ratio. Within
each color, the three paths correspond to the persistence values listed inside the panel.
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Ficure C.4. Responses to Anticipated Nominal and Real Marginal-Cost Innovations (10
quarters ahead)
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Notes: The left column uses the Golosov-Lucas (2007) calibration and the right column the Nakamura-
Steinsson (2010) calibration. The top row reports price-level responses to nominal marginal-cost paths
(1, p, 02 .. .) for p € {0.3,0.6,1}; p = 1 is a permanent nominal innovation. The bottom row reports in-
flation responses to real marginal-cost paths with p € {0.3,0.6,0.8}. Innovations are announced in quarter
0 but beginning in quarter 10: they are zero before quarter 10 and follow p!~!0 thereafter. Black denotes
the true DGP, blue the IRF-implied approximation, orange Full Information, and green the Kurtosis ratio.
Within each color, the three paths correspond to the persistence values listed inside the panel.
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C.3. Leptokurtic Shocks

Construction of leptokurtic shocks. We first discuss the case where the only shock z;;
is a leptokurtic shock. z;; a mixture of two zero-mean Gaussian distributions. Each firm
in each period draws the low-variance Gaussian shock with probability 0.9 and a high-

variance Gaussian shock with probability 0.1. We generate
zit ~ 0.9N(0,0%) + 0.1 N(0, 0%).

The Gaussian draws are independent across firms and periods. We hold the unconditional

standard deviation fixed at 0 = 0.06 and vary the target kurtosis over K € {3,4,5,6,9}.

Choosing the component variances a% and 012'_1. Let p = 0.1 denote the probability of the high-

variance component and define

dz,/%, 0%202(1—pd), 0%1202(1+(1—p)d).

These choices give zero mean and satisfy

Elz]  3[(1—p)o] +poy]
Var(z;;) = (1 —p)a% +pcr]2g =02, it = J4L Hl_ K.

That is, we are changing the kurtosis of the mixture while keeping both the total variance

and the mixture weights fixed. The resulting component standard deviations are

Kurtosis K o, (probability 0.9) oy (probability 0.1)

3 0.060 0.060
4 0.054 0.099
5 0.051 0.111
6 0.049 0.120
9 0.044 0.137

For K = 3, the two components coincide and the code draws a single Gaussian with stan-

dard deviation 0.06.

Gaussian shifter used as independent variable in the local projection. Now we gener-

ate ¢;; = U4 + z;4, where the Gaussian shock J;; and the potentially leptokurtic shock z;;
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are independent and

ﬁit ~ N(07 02/2)7
Zit ~ 0.9N(0,07 — 02/2) + 0.1N(0,0% — 02/2).

We adjust the variance of ¥;; and z;; so each accounts for 50% of the variance in id-
iosyncratic productivity and the overall shifter has a constant standard deviation 0.06 and

kurtosis K. The regression uses the observed Gaussian shock 9;;.

Results. The results are displayed below.

Ficure C.5. Micro IRF-implied Statistics with a Leptokurtic Identifying Shock: Menu Cost
Model

175 8- —a— True DGP

—o— |RF-implied
7 Full Information
—&- Kurtosis ratio

—=— True DGP

—e— IRF-implied
1.5 Full Information
—a=  Kurtosis ratio

—e— IRF-implied (¢'*")
Full Information (¢™)
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Kurtosis of random-walk innovations Kurtosis of random-walk innovations Kurtosis of random-walk innovations
Notes: This figure shows the performance of our approximation of the generalized Phillips curve as we vary
the kurtosis of the innovations to firms’ desired price. The total innovation to firms” desired price is z;,
a mixture of two zero-mean Gaussians, drawn with probabilities 0.9 and 0.1, whose variances are set so
that the total innovation has variance o2 = 0.062 and kurtosis K € {3,4,5,6,9} (details above). z;; is used
by the econometrician to estimate the local projection (14]). The x-axis reports K, the kurtosis of the total
innovation. We report: the slope of the Phillips curve J1,, -0, 0] (left), the Phillips multiplier (middle), and
the Calvo survival rate ¢ (right). Each panel compares the true menu cost model J}'7, .» with three Calvo
approximations J . .- (¢), which use the IRF-implied survival rate ¢"", the full-information survival rate
¢", and the kurtosis-implied survival rate ¢**". The right panel has no true model object. All other parameters

are held at the[Nakamura and Steinsson| (2010)) calibration.

89



Ficure C.6. Micro IRF-implied Statistics with a Leptokurtic Identifying Shock: Calvo
Model
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Notes: This figure shows the performance of our approximation of the generalized Phillips curve as we vary
the kurtosis of the innovations to firms’ desired price. The total innovation to firms” desired price is z;, a
mixture of two zero-mean Gaussians, drawn with probabilities 0.9 and 0.1, whose variances are set so that
the total innovation has variance o2 = 0.062 and kurtosis K € {3,4,5,6,9} (details above). z;; is used by
the econometrician to estimate the local projection (I4)). The x-axis reports K, the kurtosis of the total in-
novation. We report: the slope of the Phillips curve J", . [0, 0] (left), the Phillips multiplier (middle), and

,mc"
the Calvo survival rate ¢ (right). Each panel compares the true model J7 .~ with three Calvo approxi-
mations J ..~ (¢), which use the IRF-implied survival rate ¢"", the full-information survival rate ¢, and
the kurtosis-implied survival rate ¢**". The DGP is a Calvo model whose quarterly adjustment probability
is fixed at the stationary adjustment frequency of the Gaussian Nakamura and Steinsson| (2010)) menu cost
benchmark.

Implementation of the correction in the case of leptokurtic identifying innovations.
We implement the solution presented in Appendix

Step 1. Estimate the score function of the identifying innovations. Denote the potentially non-
normal innovation in the identifying shock as ¢;; Let p be the true density of ¢;;. The score
function is defined as s(e;;) = —p'(¢i¢)/p(git). We take the point of view of an econometri-
cian who does not know the true distribution p and estimate s in three ways: a score ob-
tained from an estimated density, a spline score-matching estimate, and a fitted Student-¢
score. As a benchmark, we provide results for the case where the true score function is

known.

Step 2. Estimate the IV local projection with the score as instrument. We estimate the local pro-

jection

(C.1) Pit+h — Pit—1 = ap + bpgip + uj

where ¢;; is instrumented by 5(¢;¢). We use the estimated coefficients by and by to construct

our statistic.
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Ficure C.7. Correcting the IRF-Implied Statistics for Leptokurtic Identifying Innovations
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Notes: This figure shows the performance of our IV-IRF approximation of the generalized Phillips curve in
the case where the identifying shock is not Gaussian. The total innovation to firms” desired price is z;, a
mixture of two zero-mean Gaussians, drawn with probabilities 0.9 and 0.1, whose variances are set so that
the total innovation has variance 62 = 0.06% and kurtosis K € {3,4,5,6,9} (details above). z; is used by
the econometrician to estimate the local projection (C.I)), where z;; is instrumented by its score §(z;;). The
score function is either the true score of the known shock distribution, or an estimate of the score function
from the observable data obtained from an estimated density, a spline score-matching estimate, and a fitted
Student-t score. As a benchmark, we also show the case where z;; is not-instrumented. The x-axis reports
K, the kurtosis of the total innovation. The y-axis reports: the slope of the Phillips curve J* . .-[0,0] (left),
the Phillips multiplier (middle), and the Calvo survival rate ¢ (right). All other parameters7 are held at the
Nakamura and Steinsson| (2010)) calibration.
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